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Abstract

A RIGID BODY FRAMEWORK FOR MODELING AND SIMULATION OF
FORMATION OF AUTONOMOUS AGENTS

Suguru Sato, M.S.

The University of Texas at Arlington, 2023

Supervising Professor: Kamesh Subbarao

Formation motion, wherein multiple agents operate within close proximity while
maintaining precise relative positions and coordinated movements, has a significant
impact in the realm of Uncrewed Aerial Systems (UAS). Formation establishment,
and station-keeping have been critical research areas as several missions can be con-
ceived and accomplished by groups of “simple” autonomous agents. Advances in this
research have led to multiple advantages in areas such as reconnaissance, aerospace
exploration, map building, search and rescue, etc.; particularly, if the formation mo-
tion is inspired by nature and natural phenomena such as flocks of birds, school of
fish, smooth-streamline hydrodynamics, magnetic fields, and electrical charges. In
such formulations, the formation motion is often captured by a few rules, which are
collision avoidance, velocity matching, and flock centering. Besides the examples
seen in nature, our research is motivated by the characteristics of a rigid body. By
considering the autonomous agents as fixed nodes on a rigid body, the trajectory of
each agent on the rigid body is automatically determined based on the behavior and

motion of the rigid body itself. Therefore, there is no need to design their trajectories

vil



individually. Moreover, since distances between agents are held constant, collision
free trajectories are automatically determined. We call this a Virtual Rigid Body
(VRB) formation as there is no physical rigid connection between agents, and the
virtual rigidity between agents is accomplished via constraint forces.

The main contributions of this research are thorough mathematical modeling,
control law development, and simulation of this VRB framework for formation mo-
tion. The thesis synthesizes the six-degree-of-freedom (6-DOF') equations of motion
associated with the framework for an arbitrary number of autonomous agents. Ref-
erence motion is prescribed for the aggregated rigid body — velocity of the center of
mass and the angular velocity. Using these and the rigid body structure specifica-
tion, local trajectories are calculated to perform the formation establishment. The
thesis also develops local control laws for each agent using linear quadratic control
methods, designed to ensure formation establishment, and station-keeping. Extensive
simulations within an artificial environment are performed to illustrate the effective-
ness of the modeling framework. Several example situations are considered such as —

formation establishment, reconfiguration, re-orientation, and station-keeping.
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Chapter 1
Introduction

1.1 Background Development

Formation flight, wherein multiple aerial vehicles operate in close proximity
while maintaining precise relative positions and coordinated movements, represents
a significant impact in the realm of uncrewed systems. It also has been identified as
an enabling technology for many of the NASA’s 21st century missions [1]. In addi-
tion to aerial vehicles, such a system has also been applied towards a wide range of
applications, such as mechanical systems, ships, aircraft, uncrewed vehicles, space-
craft, etc. [2]. Formations can also be often observed in the biological systems. In
migrating bird flocks, as shown in figure 1.1(a), every bird operates within an upwash
region created by the collective presence of all other birds ahead in the formation,
resulting in a decrease for required power for individuals in the entire formation [3].
In a school of fish, figure 1.1(b), not only do the fish save their energy, but they also

make themselves look bigger to avoid predation.



Figure 1.1. (a) Flock of birds and (b) School of fish!.

The problems of formation system and control are critical research areas in the
aerospace engineering as some missions require groups of uncrewed aerial vehicles
(UAVs), leading to multiple advantages in areas such as radio signal detection, re-
connaissance, exploration, map building, and search and rescue [4]. For example, in
the defense field, as shown in figure 1.2(a), there can be used for airborne refueling as
well as quick deployment of troops and vehicles [5]. By employing formation flight,
surveillance and reconnaissance on larger area can be achieved while improving the
efficiency of the entire fleet. In the medical field, uncrewed aerial vehicles can be used
for delivering health supplies in emergencies; moreover, by using multiple UAVs in
a formation, more supplies can be delivered faster in such situations [6]. Similarly,
as shown in figure 1.2(b), spacecraft formation has also been proposed to facilitate
distributed sensing tasks such as gravity field mapping, atmospheric data sampling,

co-observations, etc. [7].

L(a) National Geographic, url:https://www.nationalgeographic.com/animals/article/
these-birds-flock-in-mesmerizing-swarms-why-is-still-a-mystery
(b) A. Liemena, “School of Fish Swimming Underwater”, url: https://www.pexels.com/photo/
school-of-fish-swimming-underwater-7826494/
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(a)

Figure 1.2. (a)Airborne refueling and (b)Space formation flying 2.

While formation flight can be developed manually, it is usually performed au-
tonomously by using corresponding algorithms and concepts to reduce human-errors.
As approaches to achieve formations, there are roughly three methods such as leader-
following, behavioral methods, and virtual structures [8]. In leader-follower formation,
the leader is commanded to fly some predefined trajectories while followers are con-
trolled to maintain relative position with respect to the leader [9]. The behavioral
approach prescribes a set of behaviors including trajectory tracking, collision and
obstacle avoidance, etc., and the entire formation is treated as a single body in the
virtual structure approach [8].

Our research is motivated by the characteristics of rigid bodies and can be
categorized as virtual structure approach. Ref. [10] achieved the virtual structure

formation by planning a trajectory for each vehicle. While this is one of the meth-

2(a) J. Simms, “Refueling the SR-71”, Aerotechnews, url:https://www.aerotechnews.com/
blog/2020/08/12/refueling-the-sr-71/
(b) NASA, “NASA’s Starling Cubesats To Demo Autonomous Formation Fly-
ing”, Aviation Week, urlhttps://aviationweek.com/defense-space/space/

nasas-starling-cubesats—-demo-autonomous-formation-flying
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ods, we impose the rigidity of the formation in a way to treat the formation as if it
was a rigid body, which results in no need for trajectory planning for each vehicle.
For the formation establishment and maintenance, the concept of constraint force
is employed similar to [5,7,11-13]. When we consider a rigid body as a group of
particles, the constraint force is a internal force acting between the particles to con-
strain the relative motion of a particle to another. The constraint force is developed
by using d’Alembert’s principle of virtual work, which states that constraint forces
should not do any external work on the system [14]. To achieve constraint stabiliza-
tion, a proportional-integral-derivative (PID)-like control law based on Baumgarte
stabilization method is employed similar to [7,8,12].

While the concept of constraint force has been addressed in the literature, few
papers address a virtual structure formation as if it were an independent rigid body by
synthesizing its governing 6-DOF equations of motion. This leads us to the motivation

and problem statement of this research, which is discussed in the following section.

1.2 Problem Statement and Motivation

Along with the recent surge of development in autonomous agents, researches
in formation motion has also been gaining more attention as it allows a group of
agents to efficiently fulfill missions that an individual agent cannot [15]. Formation
motion is often captured by using a few rules such as collision avoidance, velocity
matching, and flock centering [15]. Formation motion, as well as cooperative motion
of autonomous agents that satisfy these rules, are often motivated by nature and
natural phenomena. As it was mentioned in the previous section, migrating birds
arrange specific formations so that the entire group can save energy and fly longer
distances. They follow the formation rules through visual signals and from the shock

waves propagating from neighbors [15]. Large flocks of birds as well as schools of fish
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also achieve cooperative motion that satisfy those rules. As it is known from fluid
dynamics, streamlines of laminar flow streamlines do not collide with each other;
thus, collision-free trajectories of each agent may be constructed if one adopts a hy-
drodynamics approach to formations [16,17]. Known as the potential field approach,
attraction and repulsion characteristics of magnetic poles or electrical charges can

also be assigned for cooperative flight formations to satisfy those rules [18,19].

Figure 1.3. Wind tunnel test on a car 3.

While collective motions in biological systems and natural phenomena often
become motivation for the development of cooperative or formation flight modeling
and simulation, our motivation in this research is based on the characteristics of rigid
bodies. A rigid body holds several advantages when it comes to formation motion. As
it is easily imagined, the trajectory of each point fixed on a rigid body is automatically
determined based on the behavior of the rigid body itself; thus there is no need to
individually design their trajectories as long as desired behavior of the rigid body
is commanded. Moreover, the trajectories are collision-free since distances between
points are held constant because of rigidity. We call this formation as Virtual Rigid

Body (VRB) formation since an established formation works as a rigid body while

3“Turbulence - What a Drag It Is When You Drive”, engineering.com, url:https://www.

engineering.com/story/turbulence---what-a-drag-it-is-when-you-drive
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there is no physical connection between agents. The main contribution of this research
is the thorough development of mathematical modeling and simulation of distance-
based virtual structure formation including its formation establishment, formation
maintenance, reconfiguration, re-orientation, and station-keeping.

This research is roughly broken down into three steps: development of the
equations of motion for a multiagent system, development of the constraint forces,
and model verification via simulations. The rest of the thesis is organized as follows.
Chapter 2 develops 6-DOF governing equations of motion of a multiagent system
without the assumption of rigidity. This means that terms that are usually elimi-
nated from the rigid body assumption appear in the equations since we also aim for
formation reconfiguration, and there is no physical rigidity in the formation. Chapter
3 addresses the VRB formation wherein desired distances between agents are achieved
and stabilized. This is done by employing the concept of the constraint force. The
constraint forces are synthesized by utilizing d’Alembert’s principle of virtual work,
constraint sensitivities (Lagrange multipliers) and constraint stabilization using the
Baumgarte stabilization technique. Chapter 4 addresses the first phase of the model
validations. In Chapter 4, formation establishments using the constraint forces are
confirmed via simulations with multiple formation configurations including formation
reconfiguration. In Chapter 5, necessary components for the formation are devel-
oped so that the 6-DOF governing equations of motion works in the simulations.
It addresses attachment of the body frame to the VRB formation as well as input
decoupling. Components developed in the previous chapters such as the constraint
forces, governing equations of motion, body frame attachment, and input decoupling,
are integrated in a common framework. Starting from simple maneuvers such as
linear motion, rolling, pitching, and yawing maneuvers, multiple simple situations

are simulated in Chapter 6. In Chapter 7, multiple methods for calculating control

6



inputs, such as Linear Quadratic Regulator (LQR), Local voting Protocol [15], and
trajectory tracking algorithm utilizing open-loop Lyapunov control are integrated in
the framework. All methods are validated for waypoint tracking. After integration
of the control inputs, the model is simulated in a multiple waypoint environment.
Finally, more extensive simulations are performed with an eight-agent case to show

that the framework is scalable to handle complex mission scenarios.



Chapter 2

EQUATIONS OF MOTION OF A MULTTAGENT SYSTEM

Figure 2.1. Representative collection of particles used to model a multi-agent system.

2.1 Translational Dynamics

Linear momentum of m; is expressed as follows.

Where, by letting d be the dimension of the system, M; = m; I;»4 and p;,
v; € R™!. By representing a relative vector quantity a of o with respect to 3 as
da, s, the absolute velocity of m; is expressed as v; = Ve, + 0V; em, Where v, is the
absolute velocity of the system center of mass. Thus, equation (2.1) can be rewritten

as follows.

pi = M; (Ve + 60icm) (2.2)



By considering dv; .., as described in the body frame associated with the multi-
agent system, which is expressed as (-) g, equation (2.2) is further expressed as follows

by using the transport theorem.

Di = Mi{vcm + (5vi,cm>B +wp X ((Sri,cm)B} (23)

Where wp is the angular velocity of the multiagent system about its body axes.
By taking derivative of equation (2.3) with respect to time, the force acting on M,
fi, is calculated as follows.

_tpi = fz = Mi —Vem + _<5vi,cm)B + % {wB X (5ri,cm)B} (2'4)

1d Id 1d Iq
d [dt dt ]

By utilizing the transport theorem, equation (2.4) becomes,

. Byq Iq
fi = M;ve, + M, [(5Ui,cm)3 +wp X (Wiem)B + {dth} X (07i.cm)B

dt
Iq
+ wp X {dt(éri,cm)B}]

= MV, + M; [(51}i,cm)B +wp X (0Viem)B +wWB X (0T5.cm)B

B

d
4+ wp X {dt(éri’cm)B + wp X (5ri,cm)B}:|

= M;v.r, + M; [(5’i7i,cm)3 +wp X (Viem)B +wWB X (0Tiem)B
+wp X (0Viem)B +wWB X {wB X (57‘i,cm)BH
By simplifying equation (2.5), following equation is obtained.

fi = M,v.,,, + M, l@’bz’,cm)g +2wp X (0Viem)B +wWp X (0T cm)B
(2.6)

+wp X {wB X (5ri,cm)B}:|



Now, by solving equation (2.6) for (09; .y, )p, translational dynamics of a mul-

tiagent system is expressed as follows.

(5bi,cm)B = -2 wp X (5vi,cm)B - wB X (5ri,cm)B —wp X {wB X (5Ti,cm>B}
(2.7)

- v} o - 117 £

Where [T]}B represents a transformation matrix that transforms a frame in
which a force is originally expressed to the body frame associated with the rigid body

formation, and f.,, is the input force acting on the system center of mass.

2.2 Rotational Dynamics
The angular momentum h.,,, about the system center of mass is described as

follows.

N
hcm - Z &ri,cm X Mz(s'r‘z,cm (28)

i=1
By considering that the relative position of m; with respect to the center of

mass (described in the body frame of the multiagent system), equation (2.8) can be

described as follows by using the transport theorem.

N
hcm = Z(éri,cm)B X Mz{(érl,cm)B +wp X (5Ti,cm)B} (29)
=1
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Equation (2.9), can be expanded and modified as follows.

N N
hcm = {Z(&ri,cm)B X Mi(57"‘i7cm)3}+{2(6ri,cm)3 X Min X (&rl}cm)B}

i=1 =1

_ {i<5ri,cm>3 9 Miwm,m)B}—{i(amcm)B X (O em) X Min} (2.10)

=1

N N

_ {Z(dri,cm)B X Mi(éh,cm)B}jL{Z((sri,cm)g (710 5T Min}

i=1 =1

Where (67 )5 represents the skew symmetric matrix of the relative position,
(074.em)B. Since Zﬁil((Sri,cm)g ((5ri7cm)§T M; = (1., , equation (2.10) can be rewrit-
ten as follows.

N
h m = Z(drivcm)B X Ml(érl,cm)B + [Icm]BwB (211)
=1

Please note that if the system is a rigid body, the relative velocity, (07 cm )5,
is eliminated, and the familiar equation of angular momentum, h.,, = [I..|pws,
appears. By taking a derivative of equation (2.11) with respect to time, torque acting

on the center of mass of the multiagent system is obtained as follows.

Id

6Tzcm B X fz)

N I
d
{ (5’)"1 cm B} X Mz<5rz,cm)B + Z((sri,cm>3 X M'L {%(61’.%,0771)}

{d—du i s + (Lol {d‘ij}

o= 2
2
(2.12)

11



By applying the transport theorem, equation (2.12) can be rewritten as follows.

N N

Z(ari,(zm)B X (.fz)B - Z{((griﬂi,em)B + wp X (6Ti,cm) }XMi((;”;i,cm)B
i=1 =1
N

+ Z((STi,cm)B X Mi{(é%i7cm)3 +wp X (5,’«@%)3} (2.13)

=1

+ {[fcm]B +wp X [Icm]B}wB + [Ton]w

Since (67 cm)p X Mi(07; cm)p = 0, equation (2.13) can be simplified as follows:

N

N
Z((Sri,cm)B X (fz)B =wp X Z((sri,cm) X Mz(&rz,cm)B
=1 i=1
N

+ ) (0iom) 5 X M0 cm)
: (2.14)

=1
N

+ Z(5Ti,cm)3 X Miwp X (07;cm)B
i=1

+ [Icm]BwB + wp X [Icm]B(JJ + [Icm]Bw

By solving equation (2.14) by wp, we can finalize the equations of rotational

dynamics as follows.

N

N
wp X Z((s'ri,cm) X Mi(éri,cm)B + Z(éri,cm)B X Mz(&rz,cm)

=1 i=1

wp = _[Icm]J_Bl

(07iem)B X Miwp X (07 cm)B + Lem|pws + wp X L] pwp

WE

+
1

.
Il

M-

(Ti,cm)B]

1

)

(2.15)

Where (7;.m) 5 is the torque acting on the system center of mass.
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2.3 Rotational Kinematics

The Euler kinematic equations in a 3-2-1 sequence of elementary rotation with

angles 1, 6, and ¢ are expressed as follows.

p ¢ 0 0
q| = [0 + Ru(9) |6] + Ru(¢)R2(0) |0 (2.16)
r 0 0 w

After performing this calculation, we can obtain the following expression for ¢,
9, and w X
b 1 0 — sin(0) . P
0| = [0 cos(¢) sin(e)cos(h) q (2.17)
Y 0 —sin(¢) cos(¢)sin(0) r

Which results in the following equations.

o=p+ tan(@){qsin(¢) +7r cos(¢)}
0 = qcos(¢) — rsin(ep) (2.18)
= {qsin(gb) + rcos(qﬁ)}/cos(@)
As equation (2.18) shows, there could be singularity due to § = 7/2. To ad-
dress kinematic singularities resulting from the description using Euler angles and

ensure all-attitude capability [20], Quaternions are utilized for the rotational kine-

matics. They are currently employed in a variety of applications, including robotics,

13



calculation for guidance and navigation, attitude control, and animation [20]. The

Quaternion kinematic equation is expressed as follows.

ko 0 —p —q —r| |ko
k o r - k
.1 1 p q 1 (2.19)
ko qg —r 0 p ko
ks r g —-p 0 ks

Where, k = [ko, k1, ko, k3]* is the attitude quaternion, and p, ¢, and r repre-
sent the components of wp. Please note that after integration of equation (2.19),
the quaternions are normalized to ensure ||k| = 1. By using the quaterions, the

directional cosine matrix can be constructed as follows.

(ko? + k12 — ko? — k3?) 2(k1ko + koks) 2(k1ks — kok)
[C] = 2(k1kg — koks) (ko2 — k12 + ko? — k3?) 2(kaks + kok1)
2(]{31]{73 + k‘ok‘g) 2(]{32]6'3 — kokl) (k‘oz — kZ12 — k‘22 —+ k‘32)

(2.20)

2.4 Translational Kinematics

Since we consider that the properties of the center of mass of the multiagent
system are described in the inertial frame, and the relative properties of m; with
respect to the center of mass are described in the body frame of the system, the

relation, v; = Vep, + 0V; o, is described as follows.

(V)1 = (Vem)1 + [T {(5vi,m)3 + wp X (5r,~7cm)3} (2.21)

Where [T']5 represents a transformation matrix from the multiagent system

body frame to the inertial frame.
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2.5 Equations of Motion Summary
A summary of the multiparticle system equations of motion is shown below.

Translational Dynamics

(00iem)B = —2wWB X (0Viem)B — WB X (0Ticm)B — WB X {wB X (57‘i,cm)B}
(2.22)

- [Mz]_l{[M]f fem — M} fl}

Rotational Dynamics

N

N
wp = _[Icm]él wp X Z(éri,cm) X Mz(érz,cm)B + Z((sri,cm)B X Mz(érz,cm)
i=1 i=1

N N
+ Z(Csri,cm)B X Min X (57;'i,cm)B + [Icm]B“-’B +wp X [Icm]BwB - Z(Ti,cm)B]
i=1 i=1

(2.23)
Rotational Kinematics
ko 0O —p —q —r ko
k 1 o r - k
L y p q 1 (2.24)
ko qg —r 0 p ko
ks r qg —p 0 ks
Translational Kinematics
(01 = (ven)s + [T, {<5vi,m>3 wn x <5r,-,cm>3} (2.25)
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Chapter 3

CONSTRAINT FORCE SYSNTHESIS FOR AN N-AGENT VIRTUAL RIGID

BODY FORMATION

Figure 3.1. Illustration of the relations of m; and m;.

3.1 General Constraint Force Development
A rigid body can be considered as a group of N particles that strictly maintain
relative properties between one another. As [14] states, the force acting on the i th

particle in a rigid body can be broken down into two subsets of forces as follows,

N-1
fi=Ffie+ > fi (3.1)
J=L,j#i
where
fie = ficat + fina (3.2)
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fiext 1s the vector sum of all external forces acting on mass m;, such as aerodynamics
forces, gravitational forces, and so on. f;, is the vector sum of control inputs applied
to each mass to achieve the desired trajectory of the formation center of mass. The
inter-agent force, f;;, is the internal force acting on m; due to the influence of m; [14].
Within a rigid body, this force, f;;, is eliminated due to Newton’s third law. The idea
of a virtual rigid body formation uses this inter-agent force to constrain the motion
of one agent relative to others. Since this force ”constrains” the degree of rigidness
of a multiparticle system, it is called a constraint force. By letting the sum of all
N

constraint forces acting on m; be f; ¢, (ie.fic = ijl i fij), total force acting on

m,; is expressed as follows.

fi - .fi,ewt + fi,u + fi,C’ (33)

The constraint force can also be regarded as the control input for the VRB, in
a sense since it is applied to each point mass to control the relative position of them
to others to maintain the formation. However, let us consider f;, to be the control
inputs calculated to achieve the global mission such as way point flight, trajectory
tracking, and so on, and the constraint force, f; ¢, to be the control inputs that control
the local behavior of each agent. Therefore, the equation of translational dynamics,

equation (2.22), is further described as follows [11].

(5i)z‘,cm)B = -2 wp X (6vi,cm)B - wB X (5ri,cm)B —wp X {(—UB X (6ri,cm)B}
(3.4)
- Mi_l [T]? {fcm - (.fi,ext + fi,u + fi,C’)}
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The purpose of this section is to develop an expression for the constraint force
that establishes a formation and maintains it similar to [11]. The forces acting on

point masses in the VRB can be collectively expressed as follows.

Mi = f = fe+ fc (3.5)
(M) Oss .. o Opes |

Where, M — O3x3  [Ma] Osxs O3x3 o = e Fom o sl and
| O3x3 O3xz .. Osus [M])

fo=1fic, foc,-- - Fncl'. By letting d;jq be the desired distance between m; and
m;, and ¢, be the kth constraint to be satisfied, the function of distance constraints

can be expressed as follows from figure 3.1.

Cp, = H’)"z — ’I"j” - dij,d (36)

where £ is the number of constraint being considered, and k = 1, 2,...,ks. Then,
total number of constraints considered in a formation is collectively described as

follows.

e (r)

CQ(T)

cr(r)

Cry(T)
A VRB is established when all the constraint functions are satisfied for all time,
ie. ¢g =0V Ek=1,2,..., ky. To ensure this, the necessary conditions, ¢ = 0 and

18



¢ = 0, need to be satisfied as well. By taking derivatives of equation (3.7) with respect

to time, following equations can be obtained.

. d Ocdr ,
d d d :
ézaJi':{%J}'r"—i-J{ai'}:Ji"—i—J'F:O (3.9)
where J = [4¢] is the constraint matrix [11], the rigidity matrix [21], or simply

Jacobian matrix. Let us name equation (3.8) a constraint velocity, and equation
(3.9) a constraint acceleration [11]. First, let us look at equation (3.9).
¢ = 0 is satisfied when

Jr = —Ji (3.10)

is true. Moreover, from equation (3.5), # can be expressed as follows.
=M (f&+ fc) (3.11)
By substituting equation (3.11) into equation (3.10), we get
Jir=—JM™ (fp + fo) (3.12)
By solving above equation for fo, constraint force is expressed as follows.
fo=[IM] 7 =i - TM ) (3.13)

This expression of the constraint force equation (3.13) does not necessarily

satisfy the constraint velocity, equation (3.8). To ensure equation (3.8) along with
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equation (3.9), d’Alembert’s principle of virtual work, which states work done to the

system by the constraint force is zero [14], is applied.
5WC = fc' -or =10 (314)

To ensure this [11],

fo 0P =0 (3.15)

Now, from equation (3.8), and equation (3.15), we get
Jor = fc-0r=0 (3.16)
From equation (3.16), the constraint force fo can be expressed as follows.
fo=JA (3.17)

where A is Lagrange multiplier. By substituting the constraint force, equation (3.13),
which was derived from the constraint acceleration into above, we get the following

equation.

TN = [IM ] =i - TM | (3.18)

By solving equation (3.18) for the Lagrange multiplier,

A= [IMIT) T =i - TM (3.19)
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By substituting equation (3.19) back into equation (3.17), the expression for
constraint force that takes both constraint velocity and constraint acceleration into

account is obtained as follows.
ﬁy:JTLHW‘hﬂj“[—J¢—Jﬂ4*f4 (3.20)

3.2 Constraint Force Stabilization

As it appears in the constraint force expression, equation (3.20), stabilization
is not explicitly embedded. Therefore if the initial conditions do not satisfy the con-
straint functions, the solution can diverge over time [8]; moreover, choosing initial
conditions that satisfies the constraint functions becomes tedious and difficult as the
number of agents increases [11]. Thus, utilization of feedback in the constraint func-
tions must be considered. For the feedback control law to enforce these constraints,
the Baumgarte stabilization technique [22], is employed. The Baumgarte stabiliza-
tion technique is often used for numerical stabilization of multi-body constrained
systems [8]. By implementing a PID-like control law derived from this Baumgarte
stabilization technique, the constraint force is synthesized as follows. Similar work
can be found in [7,8,12].

For holonomic constraint whose function is only in terms of position and time,
the Baumgarte defines the system subjected to a constraint that is linear with respect

to the acceleration as follows.

¢+ 2ae+ BPe=0 (3.21)
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where o and 3 are constants to begin with and normally o = . From equation (3.9),

¢ = J# + J#, by substituting it into equation (3.21), we get
Ji + Ji +2aé+ e =0 (3.22)
which can be modified to the following form.
Ji = —Ji — 20¢e — B’ (3.23)
By substituting the expression of # into equation (3.23), we get
JM ™ (fp + fo) = —Jr —2ae — fc (3.24)

Then, solving equation (3.24) for the constraint force, the following form of

constraint force is obtained.
fo=[IM Y [—IM i - Ji - 206 - Be (3.25)

From here, d’Alembert’s principle is utilized as it was done in the previous
section. By following the same procedure, the following form for constraint force that

includes the Baumgarte stabilization technique is obtained.

fo = [IM I [—IM i - Ji - 20e - Be (3.26)
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Now, by synthesizing an integral control, the constraint force with a PID-like

control law derived from the Baumgarte stabilization technique is formed as follows.

t
fo=[JM'J"] N TIM  fy — Ji — 206 — BPe — ’y/

0 ch] (3.27)

where v is a gain to be tuned to an appropriate value. This modified constraint force

is employed in all formations simulated in this paper.
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Chapter 4

CONSTRAINT FORCE VALIDATION VIA SIMULATIONS

We have developed the equation for the constraint force as well as the 6-DOF

governing equations of motion of a multiagent system. In this section, we will first

try to validate the establishment of VRB formation by using the constraint force we

developed in the previous section.

By implementing equation (3.3) along with equation (3.27) in Simulink, the

following simulink model was developed.

INPUTS

Baumgarte Stabilization Gains

]

Agents' Initial Position

F—

Agents' Initial Velocities

Figure 4.1. Simulink model for formation establishment.

The architecture of the Simulink model is illustrated below.

VRB Formation Algorithm

Vitrtual Rigid Bady - Wain Equation

24
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OUTPUTS

Distance Calculation



Formation Establishment

INPUT:
* Agents’ mass matrix: M >
* Agents’ position and velocities: (?i/,,)l, (B,-/,,)I
* Desired inter-agent distances: d;; 4

* Baumgarte stabilization gains: a, 8, ¥

* External Forces, (7i,ext) r (7i,u) I 9

Acceleration
Calculation

\ 4

Velocity
Calculation
(ai/o)l
Total Force
(f), = (Fiext ), + (Fiw), + (Fic), v
1 ) Position
Calculation
» Constraint Force (Fi/0)
a By | »|  Calculation \ - )
- (Fic)
(fi,ext)I r !
E OUTPUT
(fin), © Gyo)y Bo),p dy

Figure 4.2. Simulink model architecture for formation establishment.

Following common conditions are applied for the simulations in this section.

Input specifications
Input Description Values
Number of Agents N=3
Agent’s mass m; = lkgVi=1,2,3
Initial position rio=1[1,6,3]"m,ro0 = [8,3,3]"m,r30 = [7,6,3]"m
Initial velocity v 0 =10,0,0"m/sVi=1,2,3
External force ficat = 10,0, —m;g]" N (gravitational force)
Input force fiw=10,0,m;g]" N (hovering force)

Table 4.1. Formation establishment input specifications
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While there are other source of external forces from the surrounding environ-
ment, let us consider only the gravitational force to keep the generality of this research.
For the control inputs applied to each agent, let us first apply the force required to
hover for a VTOL capable vehicle. If the algorithm works perfectly, it is expected
that the position of the center of mass stays still while the each point mass moves to
establish a formation specific to the desired distances between agents.

From this section onward, let us consider a three-agent case to simplify the
visualization. In this section, we will try to establish a triangle formation, a linear
formation, and the reconfiguration of the formations between them. To develop these

formations, we will consider the following constraint relationship between agents.

€13 C23 @
@

O,

Figure 4.3. Three-agent cases constraint graphs. (Left): Equilateral triangle forma-
tion, (Right): Linear formation. Orange lines - applied constraints.

®
o

For equilateral triangle formation, following distances between agents are con-

sidered.

|:d12,d, d13.4 d23,d1 = {4 4 4]7“

As a result of simulation, following outcomes were obtained.
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Distances between Agents

= m, Initial Position or
. . 1 . d12
Formation Trajectory m,, Initial Position 9f . 13
= m, Initial Position d23
___d,
m, Trajectory ij.d
m, Trajectory

m, Trajectory

s m, Final Position

m, Final Position

e m, Final Position

Z(m)

Distance (m)

Center-of-mass trajectory

Time (s)

Figure 4.4. Equilateral triangle formation establishment.

As figure 4.4 shows, the desired distances between agents are achieved and sta-
bilized; thus, the expected formation is established and maintained for the simulation
period. Moreover, the formation center of mass was held stationary throughout the
simulation as expected. Now, let us consider the linear formation. For the linear

formation, we consider the following distances between agents.

|:d12,d di3.q d23,d1 = [4 8 4}771

From the desired distances, the final formation is expected to be a linear for-

mation. As a result of simulation, the following outcomes were obtained.
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Distances between Agents

= m, Initial Position

. . - d12
Formation Trajectory m, Initial Position 9 . d13
= m, Initial Position b

m, Trajectory

m, Trajectory
m, Trajectory
e m, Final Position

m, Final Position

Distance (m}

e m, Final Position

= Center-of-mass trajectory

Time (s)

Figure 4.5. Three-agent linear formation.

As figure 4.5 shows, the linear formation derived from the desired distances is
established and maintained while the position of the formation center of mass is held
constant. Now, let us consider another situation where the formation switches its
configuration from equilateral triangle to linear and vise-versa.

Following inputs are considered.

t=1[0:10]; {du,d dis.q d23’d] = [4 4 4} m (Triangular Formation)
t = [10 : 20]; |:d12,d d13.4 d237d1 = [4 8 4] m (Linear Formation)

t =1[20:30]; [dm,d d13.4 d237d} = [4 4 4] m (Triangle Formation)

From the inputs, it is expected that the formation reconfigurations between
triangle formation and linear formation occurs at 10 seconds period. As a result of

simulation, following results were obtained.
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Distances between Agents

= m_ Initial Position 107
. . 1 di2
Formation Trajectory m,, Initial Position 9r . d13
» m, Initial Position gl d23
—_—_d_
10 m, Trajectory 7 ij,d
E E m, Trajectory -
N 2 . E 6
0 m, Trajectory :’
o m, Final Position 2 5
o
m,, Final Position g A N
e m, Final Position
Center-of-mass trajectory 3
2 [
1 [
rrrrrrrrrr NN NN NN NN NS

Time (s)

Figure 4.6. Three-agent formation reconfiguration.

As figure 4.6 shows, after the step input for the linear formation is applied,
the formation reconfiguration from triangular to linear started, and the formation is,
again, reconfigured from linear to triangular after ¢ = 20 seconds. For each stage,
desired formations were established and maintained. Now, in addition to the input
for hovering, let us apply another input that translates the formation. The following
input is applied.

T
fin=10.02 0.02 mg 0.02 002 mg 002 002 mg| N (4.1)
This input is applied while the triangle-to-linear formation reconfiguration is

underway. As a result of a simulation, the following results were obtained.
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10 Distances between Agents

Formation Trajectory 9l

= m, Initial Position

d12
d13
d23|_

m, Initial Position —— %4

~

= m, Initial Position

=]

m, Trajectory

E
! 1
m, Trajectory % 5
m3Trajectory ® AN NSRRI RN
» m, Final Position a
m,, Final Position 3f
e m, Final Position 2t

- Center-of-mass trajectory

S S S S
OrMNOMFNOMODNOT NIFNOOOO —NM
TN

Time (s)

Figure 4.7. Three-agent triangle-to-linear formation under translational motion.

As figure 4.7 shows, translation of the formation is achieved as the formation
shape is reconfigured from triangular formation to linear formation. For both for-
mations, desired formations derived from the distance constraints are established
and maintained. From these simulation results, it can be concluded that this VRB
formation framework is viable for multiple formation situations including formation
reconfigurations. Formation establishments with different numbers of agents are also

simulated and shown in Appendix A.
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Chapter 5
FORMATION BODY FRAME AND INPUT DECOUPLING

As it is shown in the development of the equations of motion, the system has
a body frame attached to itself. Therefore, we wish to come up with a method to
attach a body frame to a VRB formation. Attachment of the body frame associated
with the formation is performed by utilizing the geometric features of the formation.
Moreover, inputs need to be distributed to each agent precisely so that the overall
motion of the VRB due to the motion of each agent represents the desired behavior.

Therefore, the input decoupling method is also discussed in this section.

5.1 Body Frame Attachment
The body frame of the VRB formation can be attached with the following

steps.
Zp
3 l or
- 3,cm
RS RO
- -
i \67'1,2 _ ’:;"
! ~. -
f \\\4 e T§ P “//
,1'1 Tcm,/ -~ ”/ ) -
AP ee O
I . ” _ - - _

Figure 5.1. Formation with body frame.
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Once a formation is established, relative position vectors that are parallel to
the desired body frame can be found in the inertial frame. For example, Zp axis can
be found from 673 ., and yp axis can be found from a vector perpendicular to 473 cp,

such as dr; 2. By performing a cross product of these two vectors, the last axis can

be determined.
(5?“1,2)1 = (?“1)1 - ("”2)1
(6r3,cm)l = (TS)I - (rcm)l (51>

(Irz,cm)l = (6r3,cm)1 X (6T1,2)I

By obtaining unit vectors for them, the body frame axes can be initialized.

i'B: 5r37cm

||5r3,cm||
A 0raq

— : 5.2

Y5 = [oraal 52)
5. — Tzem
B =

Hrz,cmH

After obtaining the body axes in the inertial frame, the transformation ma-
trix from inertial to body frame can be constructed. By using an inertial-to-body
transformation matrix from a 3-2-1 sequence, we can get the initial orientation of the

formation based on the body frame attached to it.

T Cyy Cip Cia| |z
Y = |Cy Oy O Y (5-3)
z Cs1 Oz Css z

B 1
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Then,
1 (O
—tan ' | ==
®o an ( Cis )

00 = — SiIl_1 (Cl3) (54)

1 {Cr2
— tan~ ! [ ===
o an <C11>

By using the initial Euler angles obtained from equation (5.4), Quaternions can

be initialized as follows.

-ko,o- -COS(%) cos(%) cos(L2) + sin(2) sin(%) sin(%)-
ol [sin(%) cos(%) cos(%) — cos(%) sin(%) sin(%) 55)
k2.0 cos(%) sin(%) cos(2) + sin(2) cos(%) sin(2)
_k;g,o_ _COS(%) COS(%O) Sin(%) — sin(%) sin(%‘)) cos(%)_

While some of these processes are only applicable for specific formation shape,
the body frame of a formation with more or less agents or a different shape can be

generated in a similar manner.

5.2 Input Decoupling

After the input is calculated with methods one wishes to use, the control input
needs to be distributed precisely and properly to each agent so that the overall motion
of VRB due to the motino of each agent represents the desired behavior. From force

and torque input, the following calculation can be performed.

(5.6)
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Then, equation (5.6) can be expressed, in a matrix form, as follows.

i 13><3 I3><3 ] _(fl)B_ [ (fcm)B ]
[(671,em)B]* 03x3 cee 03x3 (f2)B (Tem,1)B
03x3 [(6r2,em)B]* 03x3 ... 03x3 : = | (teoma)p | (5-7)
| O3x3 . o Ozxs [(Ornem)B]* | | (FN)B | (Tem,v) B

By abbreviating the matrix in equation (5.7) as H, the control input on each

agent can be calculated as follows.

(fl)B (fam)B
(_)2)3 (?cm,l)B
= (HTH)ilHT (?cm,Q)B (58)

(fv)s (FomN)B

[3><3 [3><3

[((5T170m)3]x O3><3 Ce P 03><3

where H = O3x3 [(672,cm)B] Osxz ... O3x3

03><3 P e 03><3 [(57'N,cm)B]X
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Chapter 6
SYSTEM SYNTHESIS AND SIMULATION

In this section, all the components developed in the previous sections will be
combined into one framework and simulated under applications of various inputs to

check the feasibility of the synthesized system.

INPUT I Process i OUTPUT
| |
| |
| |
| |
| |
.
Mass Matrix-D )
External Force .—‘ ! i 7
Control Inputs [1] [
' e === i Switch
Desired Distances Formation Establishment .sI { e ]
Initial Positions [] L . o e |
Initial Velocities o f.‘%;‘

Synthesized Model Distance Calculation

Figure 6.1. Synthesized Simulink model.

The architecture of the simulilnk model is explained below.
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) )
Formation Establishment ing EOM Synthesized Model
INPUT: i | inpuT:
N 3N 1 2N -
* m, (ri/a)ly (vi/o)l : * m;, (ri/o)lr (vi/o)lr Qa, ﬁr}’ Control Input
* Desired distances: d;; 4 I | * Desired distances: d;; 4 Calculation
) ’ I - - ’
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Figure 6.2. Synthesized Simulink model architecture.

6.1 Straight Line Trajectory
We will check the synthesized system with a lienar motion in this section. The

following values were applied as inputs.

36



Input specifications

Input Description

Values

Number of Agents
Agent’s mass
Desired distances
Initial position
Initial velocity
External force
Input force

Input torque
Stabilization gains

N=3

m; = lkgVi=1,2,3

[d12,4, d13.4, dos.a) = [4,4,4]m
rio=1[1,6,3"m,ro0 = [8,3,3]"m,r30 = [7,6,3]"m
v, 0=10,0,0"m/sVi=1,2,3

Femext = 0,0, —meng]T N (gravitational force)
Fome = [T10[0.2,0. 017 + (0,0, )" (V)
Tom = [0,0,0"N - m

a=2=2,v=0

Table 6.1. Formation linear motion input specifications

From the inputs shown above, it is expected that the formation translates in
the 2 direction without changing its altitude. Moreover, since no torque is applied
to the formation, angular rates about all body axes are expected to be zero, which

should result in constant Fuler angles.
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Figure 6.3. Formation under the constant input - Linear motion.
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As figure 6.3 shows, the formation is translated in its 25, direction as the
formation is established. Moreover, as it was expected, angular rates of the formation
stayed at zero, and thus the Euler angles of the formation were held constant. Now,

let us look at the behaviors of the formation under other inputs, including torque.

6.2 Rolling Maneuver

In this section, rolling maneuver is simulated. The following torque input is

applied while other inputs are the same as the previous case.

Input specifications
Input Description Values
Input torque Tem = [0.5,0,0[TN - m
Stabilization gains a=2,3=2v=0 (Formation Establishment)
Stabilization gains a =20, =20, v =40 (Formation Maintenance)

Table 6.2. Formation roll motion input specifications

The gains for formation maintenance were appropriately chosen since steady-
state error in the formation is observed as rotational motion is applied to the forma-

tion. As a result of simulation, the following outcomes were obtained.

38



Distances between Agents

I
‘ d12

| d13

| d23

| — — —Time at Formation Establishment
|

|

|

|

|

Formation Trajectory

= ) Initial Position
1+ gz Initial Position
m  my Initial Position 67.

iy Trajectory

(2]

my Trajectory

my Trajectory ‘E’ K
® m; Final Position 24 Y g Rt Bt e St o b i e By
‘g 5_ m» Final Position g
=2 @ 3 Final Position a3
N0 Center of mass trajectory
N‘Q‘ —

2+

b
£,

1

0

|

|

|

|

|

|

|

|

|
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Time (s)

Figure 6.4. Formation under the constant input - Rolling motion.

As you can see from figure 6.4, the rolling maneuver was initiated as the triangle
formation was established. During the rolling maneuver, formation was kept intact

for the whole simulation period.

6.3 Pitching Maneuver

In this section, a pitching maneuver is simulated. The following inputs are

applied.
Input specifications
Input Description Values
Input torque Tem = (0,0 ]
Stabilization gains a=20=2v= (Formatlon Establishment)
Stabilization gains a=20,0= 0 = 40 (Formation Maintenance)

Table 6.3. Formation pitch motion input specifications

As a result, following simulation results were obtained.
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Figure 6.5. Formation under the constant input - Pitching motion.

As figure 6.5 shows, the pitching motion was initiated as the triangle formation
was established. While the formation is in the pitch motion, the formation center of

mass moved linearly, and the VRB formation was maintained.

6.4 Yawing Maneuver

In this section, a yawing maneuver is simulated. The following inputs are

applied.
Input specifications
Input Description Values
Input torque Tem = [0,0,0.5]T N - m
Stabilization gains a=2,3=2~v=0 (Formation Establishment)
Stabilization gains a =20, f =20, v =40 (Formation Maintenance)

Table 6.4. Formation yaw motion input specifications

As a result, following simulation results were obtained.
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Figure 6.6. Formation under the constant input - Yawing motion.

As it can be seen from figure 6.6, the yawing motion was initiated as the tri-
angle formation was established. Similar to the rolling and pitching simulations, the
formation center of mass was translated linearly while the formation was maintained.

From the simulations performed in this section, it was shown that the system is

viable under the application of multiple inputs and is capable of generating expected

behaviors.
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Figure 6.7. Results of Euler angles.
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Moreover, as figure 6.7 shows, due to the synthesis of quaternions in the frame-
work, singularity due from the Euler angles were avoided, and all-attitude capability
was achieved. Therefore, we can conclude that the framework of the formation estab-
lishment, reconfiguration, orientation, and maintenance has been established. Now,
let us see if the formation can achieve the desired behaviors under the inputs calcu-

lated from multiple guidance laws such as waypoint tracking and trajectory tracking.
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Chapter 7
APPLICATION EXAMPLES

Motivated by the results of the previous section, we will attempt the integration
of the multiple control input calculation methods, such as linear quadratic control
method, to the framework and simulate it with in an environment including multiple

key occasions. The environment considered in this section is shown below.

100

40
0 o X, [m]

Figure 7.1. Environment setup.

Before considering the whole environment involving multiple waypoint, we will

try to see if the framework is capable of performing single-waypoint flight.
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7.1 Single Waypoint Simulations
In this section, let us consider a single-waypoint flight that requires control of
the formation reorientation. Following simulation inputs and the way point conditions

are considered.

Simulation Input and Waypoint Specifications

Simulation Input

Values

Number of Agents
Agent’s mass
Desired distances
Initial position
Initial velocity
External force

N =3

m; = 1.023kgV1=1,2,3

di; = AmVij = 12,13,23

0= [1, 6, 3]Tm, 20 = [8, 3, 3]Tm, T30 = [7, 6, 3]Tm
v, 0 =10,0,0"m/sVi=1,2,3

ficot = (0,0, —m;g]" N (gravitational force)

Waypoint

Values

C.M. position
C.M. velocity
VRB orientation

Tem = [15,15,15]Tm
Ve = [0,0,01"'m /s

(0,0, —90]°T
[

g =
VRB angular rates wp = [0,0,0]°T /s

Table 7.1. Simulation specifications for single waypoint case

As candidate methods, closed-loop optimal control with Linear Quadratic Reg-

ulator (LQR), Local Voting Protocol, and trajectory tracking are considered.

7.1.1 Linear Quadratic Regulator

In this section, closed-loop control with minimum state and input energy is
considered by utilizing a Hamiltonian approach. Detailed derivations of the method
are well explained in [23]. For our formation framework, the dynamics of the VRB are
described as follows. Please note that the size of vector is 13 x 1 since the Quaternion

is employed.
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;

Tem = Uem

Yem = Vem

Zem = Wem

Uem = fo/Mem

Vem = fy/Mem

Wem = fo/Mem (7.1)

o = L]y {—wB % Lnlpws + (WB}

];30 = %(—pk’l — qk’g — 7”]{33)
oy = %(pk’o +rky — qks)
ey = %(pko —rky + pks)

oy = %(7’/50 + qky — pks)

By linearizing the equations in equation (7.1), the linear state-space equations

are easily obtained and can be expressed as below.

X =AX + BU (7.2)

Now, the closed-loop optimal control inputs are calculated by utilizing the fol-

lowing components in the table below.

45



Closed-Loop Optimal Control Components

Components Equations

System Model X =AX+BU
Performance Index
(min. state and input energy) | J = s X(T)S(T)X(T) + % fOT(XTQX +UTRU)dt
Ricatti Equation ~-S=A"S+SA-SBR'B"S +Q

Control Gain K=R'B’S

Table 7.2. Linear Quadratic Regulator Components

After implementing LQR into the formation framework within Simulink, the

following simulation result was obtained.
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Figure 7.2. Single waypoint simulation results via LQR.

As figure 7.2 shows, as the triangle formation is established, the trajectory
command is executed, and the formation center of mass as well as the attitude of the

formation reached their desired values and stabilized. Thus, formation establishment,
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formation orientation, and station-keeping are successful using the current framework
and LQR. Now, as a supplemental outcome, let us check the control input applied to

each agent.

Control Input of Each Agent

Force Requred for hovering
Max. Available Thrust

————— Formation completion

19

>

8 10 12 14 16 18 20 22 24 26 28 30
Time, [s]

o~ @
T

Figure 7.3. Single way point simulation results via LQR: Control Inputs.

According to [24], the ASL (Aerospace System Laboratory) quadcopter model
approximately has maximum available thrust of 5.9 N for each rotor including thrust
required for hovering. Therefore, the total available thrust for the quadcopter is
approximately 23.6 N. As figure 7.3 shows, the control input applied to each agent
is all well below the maximum available thrust. Since our agents are currently point
masses, thrust required for each rotor is unknown. Therefore, when implementation
of this framework to the physical system is considered, further investigation needs to

be carried out.
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7.1.2  Local Voting Protocol

Local voting protocol seeks to make the differences between one’s state and
those of its neighbors equal to zero [23]. This concept is often utilized to achieve
the collective motion of a large group that tries to satisfy fundamental rules for
copoperative flight, such as collision avoidance, velocity matching, and flock centering
[23]. In this section, we will try to use this concept of local voting protocol to achieve
waypoint conditions. Derivations of the equations utilized in this section are well

explained in or easily derived from [23].

Local Voting Protocol

Consensus Equations

Position & Velocity (fem); = Me, = M{a(’rwp —Tem) + 0(Vyp — vcm)}

Orientation & Angular Rate (Tem)B = c(Owp — Ocm) + d{(wwp)B - (wcm)B}

Table 7.3. Local Voting Protocol Components

The downside of this method is that this method is incompatible with Quater-
nions due to unequal size of the elements since Quaternions have four elements, i.e.
Tom,w € R>*! while k € R**!. After implementing the equation in Table 7.3 as
control inputs with the desired way point conditions, the following simulation results

were obtained.
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Figure 7.4. Single waypoint simulation results via Local Voting Protocol.

As figure 7.4 shows, formation establishment, formation orientation, and sta-
tion keeping are all achieved, and all states of the formation also reach their desired

values and are stabilized. From these results, this method can be one of the candi-
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dates for further consideration. However, depending on the maneuvers that are to be

performed, singularity due to Euler angles descriptions may occur.
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Figure 7.5. Single waypoint simulation result via Local Voting Protocol: Control
Inputs.

As you can see from figure 7.5, input force that are higher than the maximum
available thrust indicated by [24] are recorded. This problem can be improved by
tuning the stiffness and damping coefficients in the equations, and this method can
still be one of the candidates for further consideration for simulation in the environ-
ment setting due to its ease of implementation; however, its limitation in rotational

motion lowers the generality of the framework.
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7.1.3 Trajectory Tracking

Another supplemental algorithm considered here is the trajectory tracking al-
gorithm. We will first generate a trajectory offline by using an open-loop optimal
control method utilizing the Lyapunov equation. Once a set of position and velocity
data along with the simulation time are obtained, they are used as reference signals
with the local voting protocol. Therefore, reference position and velocity at each time
instant are treated as a waypoint. Since the difference between the actual states and
the reference states become less compared to the previous method, reduction in con-
trol input is expected. Since the final state is fixed at the desired reference signals, it
is redundant to include the final-state weighing matrix [23]. Therefore, the solution
for minimum input energy us considered. The derivation of an open-loop control
method utilizing Lyapunov equation is well explained in [23]. Key components are

shown below.

icm = Uem
ycm = VUem
Zcm = Wem
< (7.3)

ucm - f.t/mcm

Ve = fy/mcm

wcm = fz/mcm
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Trajectory Tracking with Local Voting Protocol

Components Equations

State space X=AX+BU

Performance Index J = % fOT UTRUt

Optimal Input U*(t) = R'BTeA" T-9G(0,T) " {X(T) - eATX(O)}
G(to, T) = P(T)

Lyapunov Equation P=AP+ PAT + BR'BT, P(t)) =0

Table 7.4. Equations used for optimal trajectory generation

By calculating the optimal input, the following optimal trajectory as well as

position and velocity data points are obtained.

Reference Trajectory
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20 T ) s
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~ 10
el 5
Y, [m] 0 o X, [m]

Figure 7.6. Reference trajectory.
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Figure 7.7. Reference position and velocity data.

Now, by supplying these data points as reference signals in the local voting

protocols, the following simulation results were obtained.
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Figure 7.8. Single waypoint simulation results via trajectory tracking.

As figure 7.8 shows, formation establishment, formation maintenance, orien-

tation as well as station-keeping are accomplished with this method as well. From
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the trajectory plot, a clear difference in formation behavior is observed compared to
previous methods. Moreover, from the comparisons between the simulation results

and figure 7.7, both position and velocity signals are well followed.

Control Input of Each Agent

S'19r Force Requred for hovering
Max. Available Thrust

————— Formation completion
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Time, [s]
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T

Figure 7.9. Single way-point simulation results for trajectory tracking: control inputs
of each agent.

From a comparison between figures 7.5 and 7.9, the control inputs on each agent
are reduced drastically as expected. While this method can also be considered as a
candidate for further consideration, limitations in the rotational motion still exist.
From the simulation results in this section, let us use LQR for further consideration
to avoid loss of generality in this framework. Now, let us see if multiple way-point

motion is possible in the environment example shown in figure 7.1.
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7.2 Multiple Waypoint Simulations
In this section, we will synthesize the work done in the previous section to the
environment shown in figure 7.1. To achieve this, we will consider a Linear Quadratic

Regulator (LQR). Environment descriptions and the mission plan are shown below.

Proposed Environment Proposed Environment (Top View)

100
—E~WP6 Triangle Formation
% [ Linear Formation ]
E . 60
i £
) ;' WP4,5 &~
40
100
20 owpP3
=] =]
0 WPl WP2
Y, [m] 0 9 X, [m] 0 20 40 60 80 100
X, [m]

Figure 7.10. Environment descriptions and mission details.

The following way points and their conditions are specified for this environmen-

tal setup.
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Waypoints Specifications and Descriptions

Waypoint Specifications
Waypoint 1 Tem = [17.5,7.5,20]Tm, ve, = [0,0,0/7m/s,
o =10,0,01T° w, = [0,0,0]7°/s
Waypoint 2 Tem = [35,7.5,20Tm, ver, = [2,0,0/7m/s,
o =10,0,0]"° w, = [0,0,0]7°/s
Waypoint 3 Tem = [45,20,201"m, v, = [0,2,0]7m/s,
o =10,0,01"° w, = [0,0,0]7°/s
Waypoint 4 Tem = [45,50,20/Tm, v, = [0,0,0]7m/s,
o =10,0,01T° w, = [0,0,0]7°/s
Waypoint 5 Tem = [45,50, 201" m, v, = [0,0,0]7m/s,
o =10,0,90]"°, wy, = [0,0,0]7°/s
Waypoint 6 Tem = [45,90,20/Tm, v, = [0,0,0]7m/s,
o =10,0,90"°, w;, = [0,0,0]7°/s
Key Phases Descriptions
Waypoint 0 Clear the ground
Waypoint 1 Reach certain altitude to gain safe altitude
Waypoint 4 Reconfigure the formation from equilateral triangle to linear
Waypoint 5 Re-orient the formation to the narrow path ahead
Waypoint 6 Retrieve the original equilateral triangle

Table 7.5. Simulation specifications for multiple-waypoint case

Since this mission requires formation reconfiguration, the following Simulink

architecture is employed.
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Figure 7.11. Simulink Architecture for Multi-Waypoint flight.

By using LQR for each waypoint interval to calculate the control inputs in the

simulink architecture shown in figure 7.11, the following results were obtained.

Formation Trajectory

rre1 Initial Position
ma Initial Position
m gy Initial Position
m; Trajectory
my Trajectory
my Trajectory
iy Final Position
m2 Final Position
® my Final Position
Center of mass trajectory

20 o< 20
Y (m) 10 > 10 X (m)
0

Figure 7.12. Multiple waypoint simulation results via LQR: Formation trajectory.
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Figure 7.13. Multiple waypoint simulation results via LQR: Distances between agents.

As figures 7.12 and 7.13 show, the formation went through all the way points
while maintaining the formation. At way point 4, the formation reconfiguration from
a triangular formation to a linear formation was established. As the new formation
cleared the narrower path and reached the final destination, the triangular formation

was retrieved.
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Figure 7.14. Multiple waypoint simulation results via LQR: Formation Euler angles
(left), Formation Angular Rates (right).

As it is shown in figure 7.14, desired Euler angles and angular rates were realized
both before and after the formation reconfiguration while there are small distortions
in them while the formation was shifting due to change in the mass moment of inertia.
As the triangular formation was shifted to the linear formation, the heading angle
was corrected to 90° so that the formation could clear the narrower path. Now, let

us see the control input on each agent.
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Figure 7.15. Multiple waypoint simulation results via LQR: Agents’ Control Inputs.

As figure 7.15 shows, the control inputs stayed below the maximum available
thrust most of the simulation period; however, there are periods where the inputs
were extremely high. While optimization of control input is not a main objective of
this research, it needs to be addressed during future development if implementation
of the framework to the physical system is considered. So far, we have shown that
multi-waypoint flight is feasible with this framework. Now, let us increase the scale

of the formation in terms of the number of agents.

62



Chapter 8
FORMATION WITH HIGHER NUMBER OF AGENTS

We have completed a step-by-step development of a VRB framework and the
simulations with three agents. Now, let us increase the number of agents and go
through the same process to confirm if the framework is capable of synthesizing
formations with a higher number of agents. If the framework is developed correctly,
the number of the agents should not affect its viability. In this section, let us consider

an eight-agent case.

8.1 Formation Validation

First, let us check if a variety of formations, such as a cubic formation, an
octagon formation, and a linear formation can be achieved for an eight-agent case.
To form a cubic formation, the following constraint graph is considered. Formation

establishment for the octagon and linear formations are shown in Appendix A.

@ @
©) ®

@ €),
@ )

Figure 8.1. Constraint graph of cubic formation.
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As figure 8.1 shows, not all possible constraints between agents are imposed.
As [11] states, the maximum number of independent constraints for 3D formation is
3n — 6, and any number of constraints over this value will result in an over-defined
system. Therefore, eighteen constraints, which is shown in figure 8.1 are carefully
chosen for this eight-agent case. The following input specifications are used for this

cubic formation simulation.

Input specifications

Input Description Values
Number of Agents N =28
Agent’s mass m; = lkgVi=1,2,...

, 8
Desired distances, dy; 4 [d12,4; d14.4, d15.4, d16.q) = [4,4, 4,4\/§]m
Desired distances, da; [ds.4, doa d, doe a, doz.a) = [4, 44/2,4,4\/2lm
Desired distances, dgj’d [d347d7 d37’d, d38,d] = [4, 4, 4\/§]m

Desired distances, dy; 4 [da5 4, das a] = [4, 44/2Im
Desired distances, ds; 4 [ds6,4, dss.a] = [4,4]m

Desired distances, dg;,q [de7.a, des.a] = [4,4v/2)m

Desired distances, d7;4 d7g.q = 4m

Initial position rio=[2,1,1"m,r = [3,1,1]"m, 730 = [5,2,1]"'m,
Ta0 = [1, 5, l]Tm, Ts0 = [4, 5, 4]Tm, T60 = [5, 4, 4]Tm,
T7o0 = [7, 8, 4]Tm, Tso = [5, 8, 4]Tm

Initial velocity Vo =[0,0,0]"m/sVi=1,2,...,8

External force Ficot = (0,0, —m;g]" N (gravitational force)

Input force fiw=10.1,0.1,m;9]" N (constant altitude translation)

Table 8.1. Eight-agent case formation establishment input specifications

As a result, the following simulation results are obtained.
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Figure 8.2. Cubic formation simulation results.

As figure 8.2 shows, the desired cubic formation derived from the desired dis-

tances between agents were established and stabilized throughout the simulation time.

8.2 Body Frame Attachment

To consider a body frame of the VRB, the following body frame is attached.

Figure 8.3. Eight-agent formation, body frame orientation.

The Zp frame is in the direction of 47y 4, the yp frame is in the direction of
07ry1, and the Zp can be obtained through a cross product of the Zp and yp axes.

The origin of the body frame is placed at the center of mass of the formation.
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8.3 Integrated System Validation

The viability of the VRB formation with a higher number of agents has been
proven, and the body frame is attached. Thus, let us apply control inputs to it. In
the following simulation, a single-waypoint simulation is performed as it was done in

the previous case. The following waypoint is considered.

Waypoint Specifications
Waypoint Values
C.M. position Tem = [10,4.25,4.5]Tm
C.M. velocity Ve = [0,0,017'm /s
Formation orientation || o = [0, 0, 0]°T
Formation  angular || wy, = [0,0,0]°T /s
rates

Table 8.2. Waypoint specificaitons for single waypoint case

The same input specifications shown in Table 8.1 are applied to this simulation
as well except the control input. By utilizing LQR, which is shown in Table 7.2, the

following results are obtained.
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Figure 8.4. Cubic formation single way point simulation results.

As figure 8.4 shows, the desired cubic formation was established by realizing and
stabilizing the desired distances between agents. After the formation was established,

its position and velocity reached their desired value and were stabilized. Moreover, its
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orientation of the formation was initialized,corrected to, and stabilized at the desired

values. Most importantly, the formation was maintained throughout the simulation.

Control Inputs of Agents
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Figure 8.5. Cubic formation single way point simulation: Control inputs on agents.

As figure 8.5 shows, inputs higher than the available thrust are observed at the
beginning of the formation establishment section. However, they stays well below the

maximum available thrust for most of the simulation period.

8.4 Applicaiton Example

We have shown that VRB formation establishment as well as synthesis of linear
quadratic method are possible for the eight-agent case in the previous sections. Now,

let us see if this framework can be synthesized with the multi-waypoint environment.
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The LQR is, again, considered to calculate the control input. The environment and

the mission specification are described below.

Proposed Environment ; Proposed Environment (Top View)
00
O \WPeé
80 -
40
E 2 . 60f
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100
20 oWP3
=] =]
L WPl WP2

Cubic Formation

[ Cuboid Formation ]

Y, [m] 0

0 X, [m] %, (m]
, [m

Figure 8.6. Environment and mission specifications.

100

Since different formation configuration is considered in this section, a couple of

updates in the waypoints are made.
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Waypoints Specifications and Descriptions

Waypoint Specifications
Waypoint 1 Tem = [17.5,7.5,20]Tm, ve, = [0,0,0/7m/s,
o =10,0,01T° w, = [0,0,0]7°/s
Waypoint 2 Tem = [35,7.5,20Tm, ver, = [2,0,0/7m/s,
o =10,0,0]"° w, = [0,0,0]7°/s
Waypoint 3 Tem = [45,20,201"m, v, = [0,2,0]7m/s,
o =10,0,01"° w, = [0,0,0]7°/s
Waypoint 4 Tem = [45,50,20/Tm, v, = [0,0,0]7m/s,
o =10,0,01T° w, = [0,0,0]7°/s
Waypoint 5 Tem = [45,50, 201" m, v, = [0,0,0]7m/s,
o =10,0,01"° w, = [0,0,0]7°/s
Waypoint 6 Tem = [45,90,20/Tm, v, = [0,0,0]7m/s,
o =10,0,90"°, w;, = [0,0,0]7°/s
Key Phases Descriptions
Waypoint 0 Clear the ground
Waypoint 1 Reach certain altitude to gain safe altitude
Waypoint 4 Reconfigure the formation from cubic to cuboid formation
Waypoint 5 Re-orient the formation to the narrow path ahead
Waypoint 6 Orient the cuboid formation by 90°

Table 8.3. Simulation specifications for multiple-waypoint case: Eight-agent case

As a result of a simulation, the following outcomes were obtained.
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Figure 8.7. Eight-agent VRB formation simulation result.

As figure 8.7 shows, the cubic formation went through or near each waypoint.
At the fourth waypoint, the cubic formation changed its shape to a cuboid forma-
tion so that it could clear the narrower environment. As the formation reached the

destination, it was rotated by 90° about the Zp axis.
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Figure 8.8. Eight-agent VRB formation simulation result: Distances between agents.

As it can be seen from figure 8.8, after the formation algorithm was executed,

the cubic rigid formation was quickly formed and maintained until the reconfiguration

to the cuboid formation was commanded. After another formation configuration was

achieved, the formation was maintained for the rest of the simulation.
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Figure 8.9. Eight-agent VRB formation simulation results: Euler angles and angular

rates.

As figure 8.9 shows, after the formation establishment, the desired angular rates

and the Euler angles are achieved both before and after formation reconfiguration.

At the end of the mission, the formation was rotated by 90° about the Zp axis.
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Figure 8.10. Eight-agent VRB formation simulation results: Control Input.
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As figure 8.10 shows, control inputs higher than the maximum available thrust
were recorded at the beginning of the trajectory. However, before and after that time
instant, the control input stayed below the maximum available value. From these
results, while investigation in control input optimization needs to be performed, it
can be concluded that formation establishment, maintenance, reorientation, reconfig-
uration, and station-keeping of the higher number of agents as well as LQR synthesis

are highly viable.
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Chapter 9
SUMMARY, CONCLUSION, AND FUTURE WORK

9.1 Summary

This research summarizes the thorough mathematical modeling, control law
development, and simulations of the virtual rigid structure formations which are in-
spired by the characteristics of rigid bodies. By considering autonomous agents as
the fixed nodes on a rigid body, the trajectory of each agent on it is automatically
determined based on the behavior and motion of the rigid body. To be capable of
simulating the motion of each particle, Newton’s and Euler’s equation are utilized to
derive 6-DOF governing equations of motion of a multiagent system. The quaternion
kinematic equation is considered to eliminate singularities resulting from the descrip-
tion using the Euler angles and to ensure all-attitude capability. Upon development
of the distance-based virtual rigid body formation, the concept of the constraint force
is employed, and d’Alembert’s principle of virtual work and constraint sensitivities
(Lagrange multiplier) are synthesized. a PID-like control derived from the Baumgarte
stabilization method is also synthesized with in the constraint force to achieve stable
constraint force. Since the governing equations of motion of a multiagent system con-
sider a body frame associated with it, attachment of a body frame to the virtual rigid
body is performed from geometric characteristics of a formation. Moreover, input
decoupling method is introduced to distribute the inputs precisely and properly to
each agent so that the collective motion of agents generates the desired behavior of
the VRB formation. After necessary components are developed, they are synthesized

in the Simulink properly, and the framework is simulated under multiple situations.
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Beginning with simple inputs, multiple maneuvers are tested. As the framework is
validated with thesimple control inputs, the system’s feasibility under the multiple
input calculation methods, such as linear quadratic method, local voting protocol,
trajectory tracking algorithm, are tested via the single waypoint situation. As a re-
sult, LQR was selected as further consideration, and the framework was simulated
under multiple waypoint environment involving multiple key scenario. At the end,
scale of the framework was increased from three agents to eight agents, and the same
step-by-step simulations were carried out to confirm the viability of the framework

under the larger scale.

9.2 Conclusion

We completed the thorough mathematical modeling and simulation of a virtual
rigid body formation that is capable of formation establishment, formation main-
tenance, reorientation, reconfiguration, and station-keeping for arbitrary number of
agents. As a first step of the mathematical modeling, Newton-Euler equations are em-
ployed to develop the 6-DOF governing equations of motion of a multiagent system.
The concept of constraint force is utilized to develop rigidity in the formation. The
constraint force is established by synthesizing d’Alembert’s principle of virtual work,
constraint sensitivities (Lagrange multiplier), and PID-like constraint stabilization
using Baumgarte stabilization technique. After developing other necessary compo-
nents such as the formation body frame attachment and input decoupling method,
all components are synthesized in the Simulink to complete the framework. As a
first step of framework feasibility verification, the formation establishment including
the formation reconfiguration were tested. As a result, the framework capabilities
for formation establishment as well as formation reconfiguration and station-keeping

were verified. As the next step, torque inputs were introduced to the system to test
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the framework under the rotational motions. During the simulations, steady-state
error in the formation establishment was observed. This problem was resolved by
tuning the gains introduced in the PID-like control law derived from the Baumgarte
stabilization technique. Moreover, thanks to the Quaternions, kinematic singularities
resulting from usage of Euler angles were eliminated. As a result, besides the forma-
tion establishment and reconfiguration, the formation maintenance and the formation
orientation were verified from these simulations. Having verified the integrated frame-
work, each of linear quadratic method, local voting protocol, and trajectory tracking
methods were synthesized to test the framework within an application-like setup.
Starting off single-waypoint scenario, all methods were founds to be compatible to
the framework and capable of completing the predefined mission. Motivated by the
results from this simulation results, the simulation within multiple-waypoint environ-
ment, which includes several key occasions, was carried out with employment of LQR.
As a result, all formation establishment, maintenance, orientation, reconfiguration,
and station-keeping were successful. However, the input on each agent exceeded the
maximum available thrust indicated by a former ASL researcher; thus, further devel-
opment may be required when this framework is implemented into a physical system.
Finally, the scale of this framework was increased from three agents to eight agents to
check the viability of the framework under the larger scale. After repeating the same
process taken in the three agent case, it was shown that formation establishment,
maintenance, orientation, reconfiguration, and station-keeping were all viable with

this framework.

9.3 Future Work

As future work of this research, we consider improvements in the framework as

well as implementation of it in physical systems such as UAVs.
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As improvements of the framework, we could 1) synthesize the collision avoid-
ance prior to the formation establishment, and 2) develop swarm of multiple VRB
formations. As a VRB formation is established, collision free trajectories for all
agents are guaranteed; however, collisions before the formation establishment could
still occur. Thus, implementation of collision avoidance algorithm is the necessary im-
provement. Moreover, by synthesizing multiple VRB formations within the concept of
smooth streamlines or potential filed method, collision-free swarm of VRB formations,
which could widen the applications of the VRB formations, can be developed.

When we consider implementation of the framework in physical systems such as
UAVs, it may be ideal to consider a decentralized method, such that each quadcopter
in the swarm sees nodes on a VRB as virtual leaders to be tracked. By doing so,
communication burdens between UAVs can be minimized and the system can be

robust at the event of vehicle losses.
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APPENDIX A

Additional Formation Cases
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A.1 Two-Agent Case
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Figure A.1. Two agent formation result (Left): agent trajectories, (Right): Time
history of distance between the two agents..

A.2 Four-Agent Case
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Figure A.2. Four-agent cases constraint graph. (Left): Equilateral tripod formation,
(Middle): Square formation, (Right): Linear formation. Orange lines - applied con-
straints..
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Figure A.3. Four-agent equilateral tripod formation simulation results.
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Figure A.5. Four-agent linear formation simulation results.

A.3 Five-Agent Case
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Figure A.6. Five-agent case constraint graph. (Left): Equilateral pyramid formation,
(Middle): Pentagon formation, (Right): Linear formation. Orange lines - applied
constraints..
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83



Agent trajectories Distance between each agent set

— — —Particle 1 trgjeclary 8

— — —Parlice 2 trajectory d12

— — —Particke 3 trajectory d13
7 d14

— — —Particle 4 trajectory
Particle 5 trajectory —d15

#  Particke 1 Initial Position a2
4 ¥ Partick 2 Initial Position 6 a4
E “#  Parlick 3 Initial Pasition 425
=3 % Particle 4 Initial Position d34
5 Particle 5 Initial Position 5 —3
G 2 ® Partick 1 Final Position d4s
;_6 @  Parlicke 2 Final position — — —Desired distance between each particle
N @  Parlicle 3 Final posiion | © 4 BN — — — _ _ _ _
L ]

Particle 4 Final position
Particle 5 Final position
Center of mass brajectory

Distance between each particle set, d, [m]

0 9 X-Paosition [m] 0 2 4 6 8 10
Time, [s]

Figure A.9. Linear formation simulation results.

A4 Six-Agent Case
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Figure A.10. Six-agent case constraint graph. (Left): Equilateral Dual-pyramid
formation, (Middle): Hexagon formation, (Right): Linear formation. Orange lines -
applied constraints..
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Figure A.11. Equilateral dual-pyramid formation simulation results.
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85



Agent trajectories

Z-Position, [m]

Distance between each agent set

L L T L e e

— — —Partick 1 trajectory
— — —Parlick 2 rajectory
— — — Parlicke 3 trajectory
— — —Particke 4 trajectory
Particle 5 trajectory
— — —Pariicke 6 trajectory
Particke 1 Initial Position
Particke 2 Initial Position
Particke 3 Initial Position
Particle 4 Iniial Position
Particke § Initial Position
Particke 6 Initial Position
Particke 1 Final Position
Parlicle 2 Final position
Parlicke 3 Final position
Parlicke 4 Final position
Particle § Final position
Particke 6 Final position
Center of mass trajectory

—d12
—d13

did
—d15
——d16

423
—a
— 25
— 26

d3d
—d35
d36

‘Y-Position, [m] 0 0 X-Position [m]

Figure A.13. Linear formation

A.5 Eight-Agent Case

Distance between each particle set, d, [m]

das
—ds
—_—

— — —Desired distance between each particle

si

mulation results.

Besides the cubic formation shown in the previous section, cuboid and linear

formation are also simulated to show variety of formations. For both formations, the

same constraint sequence as the cubic formation is utilized.

Z-Position, [m]

*

*
*
*

— — — m, trajectory
— — — m, trajectory

m, trajectory

— — — m,, trajectory
—  _ my trajectory

m_ trajectory
trajectory

— — — m, trajectory

m, Initial Position
m, Initial Position
m_ Initial Position

1
2
3
a
s
6
7
s
1
2
3
m, Initial Position
m, Initial Position

®® ¥

=00

m, Initial Position
m,, Initial Position
m,, Initial Position
m, Final Pesition
m,, Final position
m,, Final position
m , Final position
m, Final position
m, Final position

m

6
T
8
1
2
3
4
5
6
; Final position

m, Final position

Center of mass trajectory

0

Y-Position, [m] 0

X-Position [m]

Distance between each particle set, [m]

— d12 —— d36

d13 d37
di4 d38
d15 d4s
d16 d46
d17 d4r

— d18 = d48
— 23— d56
d24 ds7
d25 = ds§
— 26 d6T

— d27 deg
d28 d78
d34 — — — Desired distance
2 — d35

0 2 4 6 8 10
Time, [s]

Figure A.14. Octagon formation simulation results.
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