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Abstract

EXISTENCE OF EXACT ZERO DIVISORS AND TOTALLY REFLEXIVE
MODULES IN ARTINIAN RINGS

Basanti Sharma Poudyal, Ph.D.

The University of Texas at Arlington, 2017

Supervising Professor: David Jorgensen

In this dissertation, we consider commutative local Artinian rings (A, m, k),
which are rings that satisfy the descending chain condition on ideals. First, we inves-
tigate the existence of exact zero divisors in Artinian Gorenstein rings. We say that
a pair of elements a, b in m is an exact pair of zero divisors in A if anny(a) = (b) and
anna(b) = (a). It is known that a generic Artinian Gorenstein ring of socle degree 3
contains at least one pair of exact zero divisors. We are interested in the existence of
exact pairs of zero divisors in the case of socle degree bigger than 3. We present the
conditions when an Artinian Gorenstein ring of socle degree bigger than 3 contains
linear pairs of exact zero divisors.

We also investigate the existence of totally reflexive modules in the absence of
exact pairs of zero divisors. Since the existence of totally reflexive modules is guaran-
teed in Artinian Gorenstein rings, we consider Artinian Non-Gorenstein rings. As a
result, we obtain a class of rings having non-free totally reflexive modules in the ab-

sence of exact pairs of zero divisors. We also discuss the Weak Lefschetz property and



the connection between the Weak Lefschetz Property and exact pairs of zero divisors.

We use Macaulay’s Inverse System to construct rings in both investigations.
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Chapter 1

INTRODUCTION

Besides this introduction, this dissertation consists of four additional chapters
containing some preliminary definitions and the proofs of main results. This reseach
lies within the subject area of commutative and homological algebra. The particular
focus of this thesis is Artinian rings, those rings that satisfy the descending chain
condition on ideals. They are also called Artin rings and are named after Emil Artin,
who first discovered that the descending chain condition for ideals simultaneously
generalizes finite rings and rings that are finite-dimensional vector spaces over fields.

This thesis work has two main components. The first part investigates the ex-
istence of exact pairs of zero divisors. The second part investigates the existence of
totally reflexive modules in the absence of exact pair of zero divisors. These investi-
gations take place specifically over Artinian Gorenstein and Artinian non-Gorenstein
rings, respectively. These rings are also finite dimensional vector spaces over their
coefficient field. The motivation to study exact pairs of zero divisors and totally re-
flexive modules comes from the fact that one can construct totally reflexive modules
from exact pairs of zero divisors. In fact, if @ and b form an exact pair of zero divisors
in a ring A then the modules (a) = A/(b) and (b) = A/(a) are totally reflexive.
These modules are of interest since they are essential objects in Gorenstein relative
homological algebra and are used to extend the relative Ext and relative Tor derived
functors into negative homological degrees. We also discuss the connection between

exact pairs of zero divisors and the Weak Lefschetz property.



In Chapter 2, we discuss the definitions and notation that will be used through-
out this thesis. For more detail on Artinian rings and Gorenstein rings, see [8,31], and
for the areas of homological algebra, we will be following the definitions and notation
of [32,36].

In Chapter 3, we present Macaulay’s Inverse System, which we use as a tool to
construct both Artinian Gorenstein and Artinian non-Gorenstein rings. The study
of the inverse system requires us to introduce injective modules, injective envelope,
and Matlis duality. Macaulay’s Inverse System [30] tells us that there is a one-
to-one correspondence between finitely generated nonzero R-submodules F'in S =
Kly1,v2,...,Y.) and ideals I = anng(F) in R, where anng(F) = {r € R : ry =
O0Vy € M}, and R/I is a local Artinian ring. If we take F' to be a cyclic module,
then the corresponding Artinian ring becomes Gorenstein.

In Chapter 4, we consider only Artinian Gorenstein rings and establish re-
sults about the existence of exact pair of zero divisors in these rings. Let R =
klx1,2s, ..., x| be a polynomial ring with coefficients in a field k, and let I C R be
a homogeneous ideal. The graded ring A = R/I is then Artinian if there exists a
positive integer d > 0 such that A;y; = 0. An Artinian ring with the maximal ideal m
is called Gorenstein if ann4(m) is one-dimensional as a vector space over k. If d+ 1 is
the least integer such that A,y = 0 and if A is Gorenstein, then Soc(A) = Ay. In this
instance, d is called the socle degree of A. It seems that the notion of exact pairs of
zero divisors first appeared in [27] under the name of exact sequences of pairs. Later
they were reintroduced by Henriques and Sega as exact pairs of zero divisors in [21],
and recently they have been studied widely, see [6], [12], [22] and [28]. A pair of non
zero elements a,b € A is said to be an exact pair of zero divisors if anna(a) = (b) and
ann(b) = (a). Their existence is known for rings with socle degree 3, and our inter-

est in higher socle degrees has led to some new results and techniques. Our different
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approach allows us to extend results to the higher socle degree case. The proof of
the main theorem heavily relies on so-called catalecticant matrices and the varieties
defined by the maximal minors of these matrices and annihilators of associated ma-
trices. The approach that we use is to show that the condition of these rings having
an exact pair of zero divisors corresponds to a non-empty Zariski open subset in some
projective variety. We prove that for Artinian Gorenstein rings of socle degree d > 3,
having an exact pair of zero divisors is an open condition under a nontrivial closed

condition.

In the late 1960s, Auslander and Bridger first introduced the idea of totally
reflexive modules in [3], but the terminology “totally reflexive” was introduced in
2002 by Avramov and Martsinkovsky [4]. Totally Reflexive modules have been stud-
ied by many researchers using several different terminologies, such as modules of
G-dimension zero [3], maximal Cohen-Macaulay modules [9], and (finitely generated)
Gorenstein-projective modules [18]. The existence of totally reflexive modules is al-
ways guaranteed, since every free module is trivially totally reflexive. It is also known
that over a Gorenstein local ring, the totally reflexive A-modules are exactly the max-
imal Cohen-Macaulay modules. Thus we are interested in observing their existence
over non-Gorenstein local ring. There has been some work done to answer this ex-
istence question over non-Gorenstein rings, see [12], [2] and [37]. Most of the recent
constructions of totally reflexive modules start with an exact pair of zero divisors

(a,b), see for example [12]. If (a,b) is a pair of exact zero divisors, then the complex
AL AL AL

is a totally acyclic complex and A/(a) and A/(b) are totally reflexive modules. How-
ever, it is mentioned in [12] that non-free totally reflexive modules may exist even

in the absence of an exact pair of zero divisors. Christensen, Jorgensen, Rahmati,
3



Striuli, and Wiegand proved in [12] that a generic standard graded k-algebra A with
Hilbert series 1+ et + (e — 1)¢? has an exact pair of zero divisors and a non-free cyclic
totally reflexive module. They also found an example of a ring over field of charac-
teristic 2 that admits non-free totally reflexive modules, but does not have an exact
pair of zero divisors. In a recent study, Vraciu and Atkins constructed an example of
ring having codimension 8 that has totally reflexive modules in the absence of exact
pairs of zero divisors. These results motivated us to look for classes of Artinian rings,
possibly of smaller codimension, that admit totally reflexive modules in the absence
of exact pairs of zero divisors. We were able to obtain totally reflexive modules in the
absence of exact pairs of zero divisors in rings of codimension 5 and higher, Theorem
5.2.5.

In Chapter 6, we provide the definition of the Weak Lefschetz property, and we
present some well-known results about this property. We also establish a connection
between the Weak Lefschetz property and exact pairs of zero divisors in certain Ar-
tinian rings. The Weak Lefschetz property simply means that there exists a linear
form a € A such that the multiplication map A; — A1 has maximal rank for every
7. A linear form having maximal rank is equivalent to it having a minimal annihila-
tor, and linear forms with minimal annihilators are candidates for being exact zero
divisors. We conjecture that an Artinian quadratic algebra A = k[xq, ..., z.]/] with
homogeneous ideal I and Hilbert series 1 + et + (e — 1)t* has the Weak Lefschetz

property if and only if A admits an exact pair of zero divisors.



Chapter 2
DEFINITIONS AND PRELIMINARY CONCEPTS

In this chapter, we present the basic definitions that will be used throughout
this thesis. All rings will be commutative. The notation (A, m, k) means that A is a
local ring with unique maximal ideal m and residue field &k = A/m. All modules are

assumed to be finitely generated.

2.1 Artinian Rings

Definition 2.1.1. A ring A is a Noetherian ring if it satisfies the ascending chain
condition for ideals. That is, for any increasing sequence of ideals Iy C I, C I3---,
there exists a natural number n such that I, = I,,1 = I,40 = ---. A module M
is a Noetherian module if it satisfies ascending chain condition on it’s submodules.
It is equivalent to say that every submodule of M is finitely generated. The name

"Noetherian” comes from the mathematician Emmy Noether.

Definition 2.1.2. A ring A is an Artinian ring if it satisfies the descending chain
condition for ideals. That is, for any decreasing sequence of ideals I} O Iy D I3-- -,
there exists a natural number n such that [,, = I,,; = I,,o = ---. They are also
called Artin rings and are named after Emil Artin. A module M is an Artinian

module if it satisfies descending chain condition on it’s submodules.

Example 2.1.3.

1. The rings Q and Z/nZ are both Noetherian and Artinian rings.



2. The rings Z and k[z] are Noetherian but not Artinian. Let I be an ideal in Z.
Since every ideal in Z is principal, I = nZ where n is some integer. Observe that
for any n > 1, we have (n) D (n?) D (n®) D ... which is a decreasing chain of
ideals that does not stabilize. Hence Z is not an Artinian ring. The descending
chain of ideals (z) D (z%) D (z®) D ... in k[z] never stabilizes either.

3. The polynomial ring k[z1, xo, x3,...| in infinitely many variables is neither Ar-
tinian nor Noetherian. The sequence of ideals (1) C (z1,x2) C (21, %2, 73) C

. is ascending, and does not stabilize. Thea chain (z;) C (2?) C (z3) C ...
is ascending and never stabilizes.

4. Suppose A is a finite-dimensional k-algebra, and M is a finitely generated A-
module. Then M is Artinian.

5. A vector space V over a field k is Artinian as a k-module if and only if it is a

finite-dimensional over k.

Definition 2.1.4. The socle of a local ring (A, m, k) is the ideal Soc(A) = anny(m) =

{reAlrm=0}.

Example 2.1.5.
1. If A = k[z,y]/(2?, zy,y?), then Soc(A) is the maximal ideal m = (z,y).
2. If A=klz,y,z2]/(zy,yz, vz, 2% — y* y* — 2?), then Soc(A) = (x?).
3. If A= kl[z,y]/(z% zy,y?), then Soc(A) = (z,y?).

2.2 Hom Functor

In this section we recall the definition of the Hom functor.



Definition 2.2.1. Let M and N be two A-modules. The set Homy (M, N) of all
A-module homomorphisms f : M — N is an A-module under natural addition and
scalar multiplication.

In the special case where N = A, we get the A-module M* = Homu (M, A).
This is called the dual module, or A-dual of M. In particular, A* = Homa(A, A) is
isomorphic to A.

Suppose g : M" — M is an A-module homomorphism. Define
Hom (g, N) : Homa (M, N) — Homy4(M', N)

by Homy(g, N)(f) = fog for f € Homa(M, N). Note that Hom4(—, N) reverses the

direction of the arrow, as seen by the following computation; for h: N — M’,
Homy(g o h, N)(f) = fo(goh) = (fog)oh=Homa(h,N)(fog)
= Hom s (h, N)(Homa(g, N)(f))
= (Homy(h, N) o Homa(g, N))(f).

We say that Homu(—, N) is a contravariant functor on the category of A-

modules.
Proposition 2.2.2. For a local ring (A, m, k), Soc(A) = Homy(k, A).
Proof. Recall that Soc(A) = ann(m) and A/m = k. Define a map

¢ : Homu(k, A) — anny(m)

by ¢(g) = g(1). If z € m, then z.g(1) = g(z) = ¢g(0) = 0. Therefore g(1) € anns(m),
so the map makes sense. It is easy to see that ¢ is a homomorphism. Let g € ker(¢).
Then g(1) = 0 and so g = 0. This implies that ker(¢) = 0.

To show the surjectivity of ¢, it is enough to show that there exists g €
Homa(k, A) such that ¢(g) = x for every x € anny(m). If we define g : & — A by

g(1) = z, then g is a well-defined homomorphism and this completes our proof. [
7



Proposition 2.2.3. (Nakayama’s Lemma) Let A be a local ring with mazimal ideal

m and let M be a finitely generated A-module. If mM = M, then M = 0.

Fact 2.2.4.
1. Soc(A) is a vector space over R/m.

2. If A is a local Artinian ring, then its socle is nonzero.

Proof. If m is the maximal ideal of A, then we have the descending chain m D m? D
---. Since A is Artinian, there exists a smallest number 7 > 0 such that m* = m**!.
Therefore m.m’ = m’, and Nakayama’s Lemma implies that m’ = 0. Since m*~! # m’,

we have m*~! 2 0, and therefore m*~! C Soc(A). O

2.3 Injective Modules and Matlis Duality

In this section, we present the basic concepts that are needed to introduce
Matlis duality.
Definition 2.3.1. An A-module E is injective if and only if Hom(—, ) is exact.
Recall that Homy(—, F) is always left exact, Thus an A-module is injective if and

only if Hom4(—, E) is right exact.

Definition 2.3.2. The injective resolution of an A-module M is an exact sequence
0—>M—FEy—E; — -,

where the F, are inective modules over A.

Definition 2.3.3. The injective dimension of an A-module M is the smallest integer

n > 0 such that there is an injective resolution of the form
0—-M—FEy—---— L, —=0.

Our notation for injective dimension is injdim4(M).
8



Definition 2.3.4. An A-module N is said to be an essential extension of M if
M C N, and for every submodule Ny of N, NoN M # 0. Such an essential extension
is called mazimal if no module properly containing N is an essential extension of
M. A maximal essential extension of a module always exists and is unique up to

isomorphism.

Definition 2.3.5. It is known that any module M can be embedded into an injective
module. If the embedding chosen is minimal, the corresponding injective module is
called the injective hull of M and is unique up to isomorphism, but the isomorphism
is not necessarily unique [8, 3.2]. In this case E is an essential extension of M. Our

notation for the injective hull of M will be E(M) or E4(M).

Let (A, m, k) be a complete Noetherian local ring, and let E be the injective
hull of k. The the functor Hom4(—, E) establishes an anti-equivalence between the
category of Artinian A-modules and the category of Noetherian A-modules. This

result is known as Matlis duality.
Definition 2.3.6. The Matlis dual of an A-module M is the module
MY :=Homy (M, E4(k)).

With this definition, we can write (—)Y = Homu(—, E4(k)), which is a contravariant

exact functor from the category of A-modules to itself.

If there is a finite sequence 0 = My C My C My C --- C M,, = M of submodules
of M such that each quotient module M;,,/M; is simple and nonzero for all i =
0,1...n —1, then we define n to be the length of M. If such a finite sequence does
not exist, then the length of M is defined to be oco. Define (M) := length of M.



Corollary 2.3.7. Let (A,m, k) be a Noetherian local ring. Then, for every finite
length module M, (M) = 1(MY).

Proof. We use induction on [(M). Observe that k¥ = Homy(k, E) = Soc(FE), since
Soc(F) is one-dimensional, we have k¥ = k. If [(M) = 1, then M = k and (M) =

I(kY) =1(k) = 1. Now suppose [(M) > 1. Then there exists an exact sequence
0O—=k—=M-—=>N—=0
where [(N) = [(M) — 1. Since E is injective, the sequence
05N> M —=k"—0

is exact. By induction hypothesis, [(MY) =I(NY)+1=1(N)+1=1(M). O

Theorem 2.3.8. Let (A, m, k) be an Artinian local ring and let (—)¥ denote Homa(—, E),

where E = FE4(k). Then [(Ea(k)) =1(A).

Proof. Since A is an Artinian, it has finite length as an A-module. By using the pre-
vious corollary, we have AY = Homu (A, Ea(k)) = Ea(k) and hence [(A) = I(AY) =
(Ea(k)). O

Matlis duality states that the duality functor ¥ gives an anti-equivalence be-
tween {Artinian A-modules} <— {Noetherian A-modules}. In particular the duality

functor gives an anti-equivalence from the category of finite-length modules to itself.

Theorem 2.3.9. [8, Theorem 3.2.13] Let (A, m, k) be a complete Noetherian local
ring, let E = E4(k), and let M be an A-module. Then:
(i) If M is Noetherian, then MY is Artinian.
(i1) If M is Artinian, then MY is Noetherian.
(111) If M is either Artinian or Noetherian, then M"Y = M.
10



2.4 Artinian Gorenstein Rings

There are many equivalent definitions of a Gorenstein ring, and some of them
are listed below. One commonly used definition is the following:
A Noetherian local ring A is Gorenstein if it has finite injective dimension as an A-
module. It is well known that, for an n-dimensional Noetherian ring A, injdim(A) <

00 < injdim(A) = n.

Proposition 2.4.1. Let (A, m, k) be an Artinian local ring. Then the following state-
ments are equivalent.

(i) A is Gorenstein

(i1) A is self-injective

(i1i) The socle of A is one-dimensional.

Proof. (i) < (ii). Let A be Gorenstein. Since A is Artinian, dim(A) = 0 <
injdim(A) = 0 < A is self injective.

(74) = (4i7). Since A is Artinian, there exists an exact sequence 0 — k — A.
The sequence Homy (A, A) = A — Homy(k, A) — 0 is exact because A is injective.
Therefore, Hom(k, A) is generated by one element, and Homu(k, A) # 0. Thus we
must have Homy (k, A) = Soc(A) is one-dimensional.

(17i) = (i1). Assume that Soc(A) is one-dimensional, i.e. Soc(A) = k, and let
E = E4(k) be the injective hull of the residue field of A. Every 0 dimensional ring
is an essential extension of it’s socle. Given any submodule I, that is an ideal of A,
there is a smallest integer 7 such that m‘7 = 0 and m*~'7 C Soc(A) NI # 0. But by
Theorem 2.3.8, £ and A have the same length, thus we must have £ = A. Hence A

is injective as required. [

11



As we can see, Gorenstein rings are defined in different ways. Since our interest

is in the Artinian case, we will be using the following definition throughout this thesis.

Definition 2.4.2. An Artinian local ring (A, m, k) is called Gorenstein if its socle is
a one-dimensional k-vector space.
The socle degree of an Artinian local ring A is the greatest integer d such that m? # 0.

There exists such d by Fact 2.2.4 (ii).

Example 2.4.3.
1. Let A = klz,y,2]/(2* y* v2,yz,22 — xy). Then A is a Gorenstein ring with
socle degree 2, where Soc(A) = kz2.
2. Let A = k[z,y]/(2% y* zy). Then A is not Gorenstein because Soc(A) = (z,y),

which is not a one-dimensional vector space.

Definition 2.4.4. The depth of an module R-module M is the maximal integer s
such that there is a regular sequence in M of length s. The module M is called a
Cohen-Macaulay module if depth(M) = dim(M). If depth(M) = dim(M) = dim(A),
then the module is called a maximal Cohen-Macaulay module, or MCM. If A itself is

a Cohen Macaulay module then it is called Cohen Macaulay ring.

2.5 Exact Pairs of Zero Divisors

Definition 2.5.1. Let A be a ring. A pair of non zero elements (a,b) in A is said
to be an ezact pair of zero divisors if anny(a) = (b) and anny(b) = (a). An element
a € A is an exact zero divisor if it belongs to a pair (a,b) of exact zero divisors.

Equivalently, it satisfies the condition

R # ann(b) = R/(a)

12



and

R # ann(a) = R/(b).
If a and b are linear forms in A, then we call (a,b) linear exact pair of zero divisors.
Example 2.5.2.
1. Let A = k[z,y]/(2? — y*, zy). The pair (z,y) is an exact pair of zero divisors.

The pair (x — y, z + y) is also an exact pair of zero-divisors.

2. Let A = klx,y]/(«?, zy). Here, (z,y) is not an exact pair of zero-divisors, since

anna(y) = (2), but anny () = (2,y) # (y).

Definition 2.5.3. The Hilbert function of a graded ring A is the numerical function
defined by
Hy(t) = dimg (Ay)

with ¢t € N.
The Hilbert series of A is the formal power series Hy(t) = > (dimy(A,))t". If A is

also Artinian, then the Hilbert series of A is actually a polynomial.

2.6 Complexes and Totally Reflexive Modules

Definition 2.6.1. A complex is a sequence of A-modules and homomorphisms,
dit1 d; di—1
C: "'—>C7;+1—>Ci—>02‘_1—>"',

such that d;d;1 = 0 for all i« € Z. Equivalently, Im(d;+1) C ker(d;) for all i. A

complex is exact (acyclic) if ker(d;) = Im(d;1,) for all i.
Definition 2.6.2. Let M be an A-module. A free resolution of M is an exact complex

F - SR o RN AN SN N
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in which each F; is a free A-module. If F is a free resolution of M, then its deleted

free resolution is the complex of the form
dy dy
F: "'—>F2—>F1—>FO—>0.
No information is lost by omitting M since M = Coker(F} N Fy).

Definition 2.6.3. A complex F = --- — F; — Fy — F_; — --- of finitely gen-
erated free A-modules is totally acyclic if both the complex F and the dual com-
plex F* = Homu(FF, A) are exact. An A-module M is said to be totally reflexive if
M = Coker(Fy LN Fy) for some totally acyclic complex F.

The notion of totally reflexive modules is due to Auslander and Bridger [3].
They were introduced as modules of Gorenstein dimension zero. These modules were
used as a generalization of free modules, in order to define a new homological dimen-
sion for finitely generated modules over Noetherian rings, called the G-dimension.
Over a Gorenstein ring, the totally reflexive modules are exactly the maximal Cohen-
Macaulay modules, and Gorenstein rings are characterized by the fact that every
finitely generated module has finite G-dimension. All totally reflexive modules have

a doubly infinite resolution of free modules, which we call a complete resolution.

Definition 2.6.4. The Gorenstein dimension of a module M denoted, G-dim4 (M),

is the smallest integer n > 0, such that there exists an exact sequence

0—T1T,—->T,1—...5Ty—>M—>0

in which each T; is totally reflexive module for for 0 > ¢ > 1. If no such integer exists,

then G-dimy (M) = oo.

14



Note that every finitely generated free module M is totally reflexive. Since in
this case the complex 0 - M — M — 0, with M in homological degrees 0 and 1, is

totally acyclic. Let A be a ring. If
M —- M- M"—0
is an exact sequence of A-modules, then the induced sequence
Homu(—, N) : 0 — Homu(M", N) — Homa (M, N) — Hom(M', N)

is exact. Similary, if

0—N —-N-— N
is an exact sequence of A-modules, then the induced sequence
Hom(—, N) : 0 — Homa(M, N") — Homy (M, N) — Homu (M, N")

is exact. We call the properties of Hom(—, —) described in the above proposition left

exactness.

Definition 2.6.5. The embedding dimension of an A-module M is dim(m/m?), which
is the minimal number of generators of the maximal ideal of A. Our notation for the

embedding dimension of A will be edim(A). The codimension of A is the number

codim(A) = edim A — dim(A).

Definition 2.6.6. A non-zero element in a € (A, m, k) is called a Conca generator if

a? =0 and am = m?.

15



Chapter 3
MACAULAY'’S INVERSE SYSTEM

In this chapter, we introduce Macaulay’s Inverse System, which is a special
case of Matlis duality. This system is the main tool we use to construct our rings
of interest. The concepts in this chapter provide a method which can be used to

determine the existence of exact pairs of zero divisors.

3.1 Macaulay’s Inverse System

In this section we will consider two polynomial rings R and S at the same time.
We assume that k is algebraically closed and that the characteristic of k is 0. Let
R = klxy,29,...,2.] and S = k[y1, 9o, ..., ¥y.] be polynomial rings with coefficients
in k, and with deg(x;) = 1 and deg(y;) = 1 for all 1 <14,j <e. In 1916, Macaulay
stated a one-to-one correspondence between Artinian Gorenstein rings A = R/I and
polynomials in S, see [30]. This correspondence can be extended to all Artinian rings
A = R/I, and finitely generated R-submodules of S. It turns out that Macaulays
correspondence is a particular case of Matlis duality, see [17, Theorem 2.3 and Propo-
sition 2.4].

Let us now introduce the contraction action, which will play a key role in

Macaulay’s Inverse System.

Definition 3.1.1. (Contraction Action) Let o = (o, g, ..., ) and 5 = (B1, B2, - - -, Be)

Qe
€

be multi-indices . We denote by 2 and y” the monomials z{" ... 2% and yf Loyl

respectively.
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Define the contraction action

o:RxS—S
by
a B y'e i >
r- oy = . )
0 otherwise
where 5 > o means 3; > «; for all © = 1,2,...,e and f — « is the multi-index

(Br— o,y Be — ).

We extend this action by linearity to all polynomials of R on S. In this way,
the {x;} behave like the basis of R; dual to the basis {y;} of S;. Hence, R; can be
thought of as the dual space Homy (S, k) of Sy, see [26].

Example 3.1.2.
Let x1,29 € R and y1,y2 € S.
1. ;yoy? =1
2. ooy =0
3. (z122) 0 (11y2) = 1
4. z10 (N1y2) = ¥
Notice that the action of R on S turns S into an R-module, since, for r,ry, 73 € R
and s, 1,9 € S, we have
1. ro(sy+82) =ros;+ross,
2. (rre)os=ryo(rgos),
3. (r+m)os=rjos+mrmos,
4. and 1os = s, and

5. If c€ k, then ro(cs) = (cr)os=c(ros).

17



When the characteristic of k is zero, this action is closely related to partial dif-
ferentiation as we described in the next proposition. We can think of the polynomials
of R as representing partial differential operators and the polynomials of S as the
real polynomials on which the differential operators act. This action is also called the

apolarity action of R on S, see [26].

Proposition 3.1.3. Let S’ denote the R-module S, except using the partial differen-

tiation action. Then the R-module homomorphism ¢ : S — S’ defined by

1
ay T o
where a! = aqlas! . .. ag!, is an isomorphism of R-modules.

Proof. The R-module structure of partial differentiation is defined by

*x:RxS— S
B! B—a .
oy =] B iff 2 o
0 otherwise
That is
I I
W Byl B o
%y =
Y TG —a) . (B — o)
We have
1
Qb %0 B — ¢ —a) B—a
(% 0y”) =o(y"™) L
and
1 1 B 1
%% p(yP) = 2% % =y = —. fa — p-a
A T TR B L e T
Hence
oz 0 y’) = 2 p(y")
The inverse is defined by ¢~1(y%) = aly®. O

18



Let F' = RFy + RF; 4+ --- + RF, be a finitely generated S-module, where
each F;,;1 < i < n is a homogeneous polynomial of degree d. The homomorphism

Cr(u,v;e) : R,—S, defined by
Cp(u,vie)(r) =roF,

where u+v = d, is called the catalecticant homomorphism, and the matrix associated
to Cr(u,v;e) with respect to the standard monomial bases elements of R, and S,

(ordered lexicographically) is the catalecticant matriz, denoted by Catp(u,v;e). The

size of Catp(u,vie) is (“7“71) x (“FU71).

Remark 3.1.4. When char(k) > 0, there is an isomorphism between R-modules
of divided power ring ® with contraction action and R-modules of S with partial

differentiation. If char(k) =0, then ¢ : ® — S is an isomorphism, see [26].

Example 3.1.5.

Take e =3 and d = 3. Let ¢;j, € kforall 1 <14,5,k < 3.

Let F' = c3001® + C21001°Y2 + Co01y1°Y3 + Crooy1y2® + cro281ys” + cruiyniays + cosoy2” +
Co21Y22Y3 + Co12Y2y32 + coozys® and let a = a1 + asws +asxs. The catalecticant matrix

associated to the catalecticant homomorphism Caty.r(1,1;3) : Ry — S is given by

a1C300 + G2C210 + A3C201  G1C210 + A2C120 + A3C111  A1C201 + A2C111 + G3C102
a1C210 + @2C120 + A3C111  A1C120 + G2C030 + A3Co21  A1C111 + A2C021 + A3C0o12

a1C201 + @2C111 + A3C102  A1C111 + G2Co21 + A3Co12  A1C102 + G2C012 + A3C003

Lemma 3.1.6. Suppose S = kly1,Ya,...,Yn] and r € R; is fivzed. Then the homo-

morphism @, : S; — S;_; defined by ®,.(F) =r o F is a surjective homomorphism.

Proof. Ifr € R; and F' € Sj then ®,(F) =roF =0 & S;_joroF =0 & S;_;roF = 0.
The kernel of @, in S; has vector space dimension I(ker ®,) = I(S;) — I(S;j_;), so the

image of @, in S;_; has dimension {(S;) —{(ker ®(r)) = [(S;_;). Thus, @, is surjective.
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Theorem 3.1.7 (Macaulay’s Inverse System Theorem). Let R = k[z1,x,. .., .]
and S = k[y1,vy2, ..., Y] be polynomial rings. There is a one-to-one correspondence
between finitely generated nonzero R-submodules F in S and ideals I = anng(F) in
R such that R/1 is a local Artinian ring.

If I C Ris an ideal then we define I+ = {F € S: I o F = 0}. Note that I is
an R-submodule of S. The corresponding given as follows: The R-submodules I+ of
S are called Macaulay’s Inverse System of I and

(R/I)Y = Hompg(R/I,S) = I+. By Matlis duality

It is finitely generated <= A = R/I is Artinian
If the dual module I+ is cyclic, then
A is an Artinian Gorenstein ring <= I+ = A.
We have the following theorem from larrobino and Kanev (1999) which is a special

case of this theorem.

Theorem 3.1.8 ([26]). Let A = R/I be an Artinian graded ring. Then A is Goren-
stein of socle degree d if and only if I = anng(F) = {r € R|ro F =0}, for some
homogeneous polynomial F of degree d in S = kly1, ya, - - - Ye.

In other words, all Gorenstein quotients R/ arise in this fashion.

Example 3.1.9.

Let e = 3, R = k[z1,29,23] and S = k[y1,y2,y3]. Considering the submodule
F = (v} + 43,23 + v3) in S, we can compute anng(F') using the contraction ac-
tion (o). Onme finds out that annp(F) = (2123, T2x3, T179, 23 — 22 + 222) and the
corresponding Artinian ring A = R/ anng(F) has Hilbert series 1 + 3t + 2¢* and k

: 2 2
basis {1, z1, o, x3, 25, 13 }.
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Example 3.1.10.
Take R = k[xy, 23] and S = k[yy, 90| and choose F' = y3 + y3. Then I = anng(F) =
(7129, 23 — x3), and the quotient ring A = klxy, 15]/(z122, 23 — 23) has a k-basis

{x1, 19, 2%, y3, 23} with socle kx3. Hence it is a Gorenstein ring of socle degree 3.

We prove that for the Gorenstein case there is a bijection between the R-

submodule F' in S and the quotient ring A/I.

Proposition 3.1.11. Let A = R/I be a Gorenstein ring with I = anng(F), for some
homogeneous degree d element F in S = k[y1,y2, .., Yn]

Define M(F) = {y € S:y=roF} for somer € R. Then there exists a bijection
between R/I and M(F).

Proof. Define the map ¢ : R — M(F') by ¢(r) =r o F. Then ¢ is a homomorphism
since, for all 71,79 € R and a € M(F),
L. ¢(ri+re) = (ri+mr)of=rioF+ry F=¢(r)+¢(re) for all r, 7y € R, and
2. ¢(ar) = (ar) o F = a(ro F) = a¢(ry).

For any y € M(F), y = r o F, and there exist » € R such that ¢(r) = ro F.
Thus, ¢ is a surjective homomorphism. By the First Isomorphism Theorem, ¢ induces
an isomorphism ¢’ : R/ker¢ — M(F). We need to prove that ker ¢ = anng(F).
Let 7 € ker¢. Then ¢(r) = 0 implies r o F' = 0, and r € anng(F). That is,
ker ¢ C anng(F). Now let r € anng(F'), which means ro F'=0. But ro F' € M(F),
so there exists an 7 € R/ker(¢) such that ¢'(7) = ro F' = 0. Thus, 7 € ker¢'.
Whence, ker ¢' = {7|r € ker ¢}, and ¢(r) = 0, and hence r € ker(¢). O

Fact 3.1.12. Let F' be a homogeneous of degree d polynomial, and let A = R/ ann(F').
Then, A is an Artinian Gorenstein graded ring, and the socle of A is determined by

any of the terms of F', see [26].
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When A is an Artinian ring, a nonzero element a € A is an exact zero divisor

if and only if the ideal anny(a) is principal:

Theorem 3.1.13. [20] If A is an Artinian ring, then anna(a) = (b) implies ann4(b) =
().
Proof. Let anny(a) = (b). Since ab = 0, we have (a) C annx(b). By length count and

the isomorphisms R/ann(b) = (a) and R/ ann(a) = (b), gives
[(A) =1(A/(b)) +1(b) =1(A/ann(a)) + 1(b) = l(a) + I(A/(a))

< (anny (b)) + I1(A/anny (b)) = I(A).

Therefore, {(a) = [(ann4()); hence ann4(b) = (a). O
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Chapter 4
EXISTENCE OF EXACT PAIRS OF ZERO DIVISORS

In this Chapter, all rings A are of the form A = R/I for R = k[xq,...,z.]. In
Section 1, we discuss some known results about the existence of exact pairs of zero
divisors in these rings of socle degree 2 and 3. We investigate some conditions when
these rings of socle degree d > 3 contain linear pairs of exact zero divisors. In Section
3, we establish the main result, Theorem 4.3.2.

Throughout this section, d will denote the degree of the socle of A, and e will

denote the embedding dimension of A.

4.1 Artinian Gorenstein rings of socle degree d < 2

The ring A = k[z]/(z?) is the only Artinian Gorenstein ring of socle degree 1,
and we can easily see that it has (x,z) as an exact pair of zero divisors. For e > 2,
all the Artinian rings of socle degree 1 are non-Gorenstein. Since these are the rings
satisfying m? = 0, every a € A, annihilates all the linear terms in A. Therefore, there

is no exact pair of zero divisors.

Now consider the case d = 2 case. The ring A = k[z|/(z?) is the only Artinian
Gorenstein ring of socle degree 2 when e = 1. While there is the exact pair of zero
divisors (x, x?), there is no linear pair of exact zero divisors.

For e = 2, every Artinian Gorenstein ring of socle degree d = 2 has an exact

pair of zero divisors.
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Proposition 4.1.1. A Gorenstein local ring (A, m, k) satisfying m® = 0 and e = 2

always admits an exact pair of zero divisors.

Proof. Let R = k[xy, 5] and S = k[y1, y2] be polynomial rings as described in Chapter
3. Define a map C._=(1,1;2) : Ry — S7 by C. =(0,1;2)(r) = roao F=raoF,

where @ = a,71 + agry € A; and F = c1y? + coy1ys + c3ys. Then we have
Caty,5(0,1;2) = <&101 + agcy  ayce + a203> .

Let b be in the kernel of the matrix. We can see that b = —(ayco + azes)xy + (arer +
asce)xe. If there is another linear element ¢ € Ry not generated by b such that ac = 0,
then the map C,or(1,1;2) will be the zero map. We know that @ is in anng(b). If
there is another linear element ¢ € R, not generated by a such that bc = 0, then b
would be a socle element, which contradicts our assumption that A is Gorenstein.
This implies that, for every linear form a in A, there is exactly one linear form b € A;
such that ab = 0. Next, we observe that there are no quadratic terms in anng(F)
annihilating a, otherwise we will have Ab # A,, which is a contradiction again. Hence,

(@, b) make an exact pair of zero divisors. O

We have shown that when A has socle degree 2 and if the embedding dimension

e = 2, there exists a pair of exact zero divisors. But this is not the case when e > 3.

Proposition 4.1.2. A Gorenstein local ring (A, m, k) satisfying m®* = 0 and e > 3

does not have a linear pair of exact zero divisors.

Proof. Consider k% = klay,...,ac,¢cq @ |a| = 2] and S# = k#[yy,...,v.]. Let a =
a1T1 + asxy +as + - +a. € Ay and let F= Zla\ZQ coy®. The catalecticant matrix
Cat. (0, 1;e) is of size 1 x e. Since e > 3, this matrix has at least a two-dimensional
kernel, which is equivalent to saying that, for every linear form a in R, there are at

least two elements in the anng(F') annihilating a. O
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4.2 Artinian Gorenstein rings of socle degree d = 3

Conca, Rossi, and Valla [15] showed that generic Artinian Gorenstein standard
graded algebras of socle degree 3 admit pairs of exact zero divisors. In this section,
we give an alternate proof.

First we discuss elimination theory, which we will be using in the proof of our

main theorem.

Definition 4.2.1. Given I = (fi,..., f.) C R the j-th elimination ideal I; is the

ideal of k[xj11,. .., x| defined by

Ij =1InN k[xj+17 c. ,Ie].

It is an easy exercise to check that the I, are indeed ideals of k[z;11,. .., z.] for
all j. We define the 0-th elimination ideal to be I itself; i.e., Iy = I. This elimination
corresponds to projecting a variety onto subvaritey of a lower dimensional subspace.
Let I be an ideal generated by the determinant of Cat,or(1, 1;€) in kfay, as, . .., Ge, 4
la| = 3], and let V C A7) be the variety V(I). Suppose m and 7’ are the

e+d—
canonical projections from V' on to AT and A° respectively.

/ : \
Al A°

To see how this works, consider the following example.
Take e = 2, d = 3 and F = 1y} + caydys + csynys + cays € k¥[yi,y0) = S*
where k# = klay,as, c1,c9,c3,cq4). Then the catalecticant matrix corresponding to

Co7(L,1;2)Ry — Sfé for @ = a1z + asws 1s

Cat. 5(1,1;2) = (

ajc1 + ascy  aicy + ascs
a1Co + a92C3 Q1C3 + A9Cy
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Let I be the ideal generated by the determinant of the above matrix and W be the
variety W (I). Then I = (—ajcy + adcics — ajascacs — a3ci + ajascicy + ajcacy). One
can see that for any choices of a’s, we get an equation in ¢’s and the equation has
a solution. Similarly, for any choices of ¢’s, we get an equation in a’s and there is a
solution. This implies that for any choices of ¢’s there are choices of a’s which makes

the determinant 0.

Let I; be the eliminating ideal defined by I N k[cy, o, 3] and Iy be the eliminating
ideal defined by I N klay,as]. We can use Macaulay 2 to compute these eliminating
ideals and the result agrees that both I; and I, are the zero ideals. This would mean
that for every choice of ¢’s, there is @ € R such that the determinant of the matrix is

zero. We now want to make precise the term generic.

Definition 4.2.2. Suppose that objects correspond to points in some affine variety.
A condition C on the objects is called an open condition if the points corresponding
to those objects satisfying the condition C form a Zariski open subset of the variety.

Objects satisfying an open condition are called generic.

Now we present the reformulated statement of the theorem of Conca, Rossi and

Valla, and give a proof using our methods.

Theorem 4.2.3 ([15]). A generic Artinian Gorenstein ring A of socle degree d = 3

admits a linear exact pair of zero divisors.

Proof. Let k% = klay,...,ae,cq : |a| = 3] and S# = k#[y;,...,y.]. Suppose that

F = 2\04:3 coy® is a homogeneous degree 3 polynomial in S#, and @ = a1z + asz +

-++ + a.T, is a nonzero linear form in %[z, ..., z.].
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We consider catalecticant homomorphisms from R to S#. The catalecticant
matrix Cat; =(1,1;e) is an e x e matrix with entries of the form ) a;c,. Let J be
the ideal in R = kfay, ..., ae, ¢y ¢ |a] = 3] generated by the determinant of the matrix
Cateor(1,1;€) and W be the variety W (J) in A7) e, Suppose 7 and 7" are the

projections from W on to A% and Ae respectively.

Since the variety W is defined by the e x e determinant, for any choices of a € A°,
we get an equation in ¢’s and the equation has a solution. Similarly, for any choices
of ¢; € A(T) , we get an equation in a’s and there is a solution. This implies
that for any choices of ¢’s there are choices of a’s which makes the determinant 0.
Hence images under 7 and n’ of W becomes the whole space. This implies that

Ry NKer(Cat_ #(1,1;e)) # 0. Let b € Ry Nanny(a) be nonzero. Let I be the ideal in

R = Eklay, ..., ac,cq : |af = 3]/J generated by e — 1 x e — 1 minors of Cat; (1, 1;e)
and V' be the variety V (I).
Define ker(aF); := ker (Cataoﬁ(Q - i,i;e)) and ker(F); := ker (Catﬁ(?) —

b4 6)> for 1 = 2,3, where we regard these matrices as homomorphisms r()

e—i+1 et+i—1 e—i+2 ~

®(25) and () 5 g(B5Y) respectively. Therefore ker(aF); and ker(F); are

e+i71)

submodules of R(™" Also we let (Rb); denote the column space of the ma-
trix representing the map R;,_; — R; for ¢ = 2,3. Then it is easy to see that
(Rb); + (ker F); C (keraF);.

Let {V;} be the set of varieties defined by
V; = V(anny ((keraﬁ)m J((Rb)is1) + (ker ﬁ)M)),

for all 2 =1, 2.
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We have constructed the varieties such that if p € A(EJ§2>+6 lies outside V; U V5,
then the corresponding values of a; and ¢, result in (kerafF'); = (Rb); + (ker F);.
Equivalently, there is a non-empty Zariski open subset U of ACE)* such that for all

F € U, A admits an exact pair of zero divisor. O]

Finally, we need to check that the open sets we considered are not empty.
e
Let F = > 1192 One can see that the corresponding Artinian Gorenstein ring
j=2
A= R/(2}, zix;, 27 — 25,1 < i < j) admits an exact pair of zero divisors (zy,z1).

Example 4.2.4. Let @ = a2, + asxy + agrs € R* and choose F' = y% + yg’ + ygj in

S = [yla Y2, 3/3] Then

aq 0 0
Cataop(l,l;?)) = 0 (05} 0
0 0 as

The determinant of the matrix is ajasas. Choose a; = 0, then the kernel of the above

matrix is generated by b = x;. Compute

1 0 O
Catbop(l,l;?)) =10 ag 0
0 as

and one can see that ker(b) = (3, x3). This example shows that not all Artinian
Gorenstein rings of socle degree 3 admit an exact pair of zero divisors. In other
words, the open set consisting of points lying outside the variety Vi U V4 is not the

whole space.

4.3 Artinian Gorenstein rings of socle degree d > 3

In the socle degree 3 case, the images under m and 7" of the variety defined by
det(Cataor(1,1;€))= 0 turn out to be the whole space. Thus, there always exists at

least one linear term annihilating a.
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However, in socle degree 4 or higher, the images of © and 7’ are not the whole
space. There are some Gorenstein rings of socle degree 4 or higher which do not have

any linear pairs of exact zero divisors.

Example 4.3.1.
Take A = k[xy, z9, 23]/ (373, 110923, ¥3T3 — Tox3, 15 — 1103 — 23, 23wy — 23, 23)
corresponding to F' = yy2 + y1ys + y2ys + yiy2, and let @ = a;x1 + asws + azzrz be in

R;. Then the catalecticant matrix is

0 Qo as

as ait+as O

Catsor(2,1;3) = | @ 0 @
ay + as ay 0

0 0 as

a1 as a2

We compute all 3 x 3 minors of this matrix and the ideal generated by the 3 x 3

minors is (—aja3 — a1a? — aga3, —ataz — ajazaz — aias, atas + a1ai + aya3, a3 + ajas +
2 2 2 2 2 2 2 2 2

alaz, —CL26L3, —CLQCLS, —a1a3 — CLQCLS, —Q1a2a3 — a2a3, —alag — ajaqa3 — CL2(13, —alag —

ayaga3 — aias, a1ai, —a3 — alaz — ajagaz + aza3, alas — ajasz + a3, a4+ alay — 2aya0a3 —

azaz, —aya3—as—alaz+aiai+asal, —atas—aiai—as, —ai+alaz+2aiasa3, ajasaz, alaz+
a1a9a3 — a2a3, —as, ajaz — ajas — azai). As we can see all the 3 X 3 minors vanish if
and only if a; = as = a3 = 0. Therefore, Catzor(2, 1;3) has a trivial kernel in A; for
every non-zero linear term a € k#[xy, ..., x.].

Then, by using [30, Lemma 2.15], we obtain I; = (ann(Rs o F)) N Ry =  for
any a € A;. Hence A doesn’t contain any linear pairs of exact zero divisors. This is

a Gorenstein ring with the Hilbert series H4(t) = 1 + 3t + 6t2 + 3t® + t1. Hence by

28], it doesn’t have linear exact pairs of zero divisors.
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Theorem 4.3.2. There exist algebraic varieties W, V. Vi, k=1,...,d—1 ofA(e+j_1)+e
such that every point p € W\VUVIU---UV,_1 corresponds to an Artinian Gorenstein

ring A of socle degree d and a linear exact pair of zero divisors in A.

Proof. Suppose that F= Zla\: 4 Cay® is a homogeneous degree d element in S# and
4 = a1T1 + asTy + -+ + a.T. is a nonzero linear form in R*. Again, we consider
catalecticant homomorphisms from R to S#.

Define the map C._z(d —2,1;¢): Ry — S¥ , by C._z=(r) =rodo F=raoF.
We get Cat. =(d — 2,1;e) of size (eﬁ;g) x e with entries of the form > a;c,. Let J
be the variety defined by e x e minors of Cat_ =(d — 2,1;e) and W be the variety
W(J).

Let I be the ideal in R = klay, . .., G, Cq : || = d]/J generated by e—1 by e—1

e+d—1

minors of Cataor(d—2,1;€) and V' be the variety V(I) in AT We will use the

notation ker(aF); for ker ( Cat =(d—1+1,1; e)) and ker(F'); for ker (Catﬁ(d—i, i e)>

e+i—1
for all 2 < i < d, where we regard these matrices as homomorphisms ER< ) —

R(G550) and () S i)f{(ﬁzjil), respectively. Therefore ker(aF); and ker(F);
are submodules of R(77 ). Let b € ker (Cats, 7(d—2,1;€)) and let (Rb); denote the
column space of the matrix representing the map R;_; — R;# forall 2 <:<d-—1.
Then it is easy to see that (Rb); + (ker F'); C (ker aF);.

Let {V;} be the set of varieties defined by
V; =V (anny ((ker al)ii1/((Rb)i+1) + (ker F)i+1>);

foralll <i<d-1.
We have constructed the varieties such that if p € AT ) lies outside V; U
VoU. ..V, 1, then the corresponding values of a; and ¢, result in (ker aF'); = (Rb); +

(ker F');. The union of all the varieties is a closed set and its complement is an open
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set. Hence any point p € W\VUV;U---UV,_; corresponds to an Artinian Gorenstein

ring of socle degree d and a linear exact pair of zero divisors (a, b). ]

The following example demonstrates that these open sets we are considering

are not empty.

Example 4.3.3.

Take e > 3 and d > 3 and choose F' = y98 '+ yyyd "t + - + gyt
We will use I = (ann(Rq—x o F') N Ry [[30], Lemma 2.15] to compute the annihilator
of F'. Let I = anng(F'). Then by a simple calculation, we find that R, o F' consists
only of monomials of the form (y¥,y1yF 1 < i <e)foralli=1,....d—2. It
is easy to see that Iy = 0 and Iy D (2%, x;x;,i # 1,4 < j). Notice that if x =
a1 < j < e, then I = (x’f,zm‘:kxo‘), where 2% = x'z5? ... 28, a # 1.
Now, for the case k = d — 1, we have Ry o f = (3@ ' yy? 2,2 < i < e) and
I;1 2 (yf‘1 —yd71 2 < i < e). Now to prove that these are the only elements in
I, we will use a dimension argument as follows. Consider the map ¢ : Ry — D,.
defined by ¢(r) = r o (rg_x o F'), where r4_ € Rq_k. Since this map is a surjective
and the dimension of ker(¢) = (“*#7") — 2e +2, we have that ann(R4_x o F') N Ry, has
only (e+’;_1) — 2e + 2 elements for all k, with the exception of k =1 and k =d — 1.
Now, [ for 2 < k < d — 2 is the ideal generated by the elements in I,. Hence, the
annihilator of F is I = (Iy, Ij-1) = (23, zz, 20 — 2], 1 <i < j). Thus, A= R/I
is an Artinian Gorenstein ring having (x1,x;) as an exact pair of zero divisors .

Note that A has the Hilbert series of the form Hu(t) = 1 + et + 3.2 (2¢ —

2)t" 4 et + ¢4,

31



Example 4.3.4.

Take d = 4 and e = 3, and let F = y1y3 + y1y5. The catalecticant matrix
Catgor(2,1;3) is

0 0 0
0 ay O
0 0 ag
az a; O
0 0 0
as 0 a

All 3 x 3 minors (a2as, aza?, —aja3, —aya3) of the matrix vanish if and only if ay =
az = 0 ora; = ay = 0or ag = ag = 0. Without loss of generality, assume that
as = az = 0 and a; = 1. Then one can see, b = x; generates the kernel of the matrix.

Compute

(Rb)Q = (x%,mll?,xlxg),
(ker(ao F'))y = (ﬁi T1T2, T1T3, T2, T3)

and
(ker(F))y = (22, 2923).

Therefore, we have ker(a o F')y = (Rb)a + (ker(F))2. Similarly compute
(Rb)3 = (Q??, x%l@, x%x?)u xlxga x1$§, x1x2x3)7

(ker(ao F))3 = (a:if, l’%ﬂ?g, .27%.’13'3, :1:1333, xlxg, T1T9L3, :chg, .172.1’%)

and

(ker(F))3 = (ﬁa ﬁx%$§$3,$1$2$3,$§$3,$2$§)

Therefore, we have ker(a o F')3 = (Rb)3 + (ker(F))s.
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Chapter 5
EXISTENCE OF TOTALLY REFLEXIVE MODULES

This chapter is organized as follows. In Section 1, we give some background
information related to totally reflexive modules, and we study their construction from
a pair of exact zero divisors. In Section 2, we present our results about the existence
of totally reflexive modules over certain Artinian non-Gorenstein rings in the absence

of exact pairs of zero divisors.

5.1 Totally Reflexive Modules

In the late 1960s, Auslander and Bridger first introduced the idea of totally
reflexive modules under the name of modules of G-dimension zero. It was Avramov
and Martsinkovsky who first referred to them as a totally reflexive modules in 2002
[4]. These modules have been studied by many researchers, using several different
terminologies, such as modules of G-dimension zero, maximal Cohen-Macaulay mod-
ules, and (finitely generated) Gorenstein-projective modules [18]. Totally reflexive
modules are of interest since they are essential objects in Gorenstein relative homo-
logical algebra. Over a Gorenstein ring, the totally reflexive modules are exactly the
maximal Cohen-Macaulay modules, but they are known to exist over any ring. This
is because free modules are always totally reflexive modules. It is also known that
if a local ring is not Gorenstein, then it either has infinitely many indecomposable
pairwise non-isomorphic totally reflexive modules, or it has none other than the free

modules.
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The simplest types of non-trivial totally reflexive modules can be constructed
by using an exact pair of zero divisors. The existence of an exact pair of zero divisors

is equivalent to the existence of a free resolution of A/(a) of the form

This complex is totally acyclic since F = Hom(F, R) and therefore the modules
R/(a) = (b) and R/(b) = (a) are totally reflexive modules. Hence, the existence
of exact zero divisors implies the existence of totally reflexive modules.

Although most of the recent constructions of these modules in the literature
start with a pair of exact zero divisors, see for example [22], these modules may exist
in the absence of exact zero divisors, see [12]. Our interest in this chapter arises in
their existence over non-Gorenstein local rings that do not have exact pairs of zero
divisors. We are only aware of two examples of rings which admit non-free totally
reflexive modules but do not have exact pair of zero divisors. The first example of
such ring was found in [12] over a field of characteristic 2. In a recent study, Vraciu
and Atkins [2] constructed an example of a ring of embedding dimension 8 over a
field of arbitrary characteristic. The following facts are known about totally reflexive
modules.

Fact 5.1.1.
1. All free modules are totally reflexive modules. We call a nonzero totally reflexive
module trivial if it is free.
2. If M is totally reflexive, then so is the dual M* of M.
3. Over a Gorenstein ring, totally reflexive modules are exactly the maximal Cohen

Macaulay modules.

4. Over a local non-Gorenstein ring with m? = 0, there exist only trivial totally

reflexive modules [4].
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5. If M is totally reflexive module, then so is every syzygy of M.

Now we illustrate the fact 5.1.1(2). If M is a maximal Cohen Macaulay ring
then M* is Maximal Cohen Macaulay. Therefore, Exta(M*, A) = 0 for all i > 0.
This means if

F:...—-F—>F,—>M-=0

is a free resolution of M and
G:..—-G —>Gy—M—=0
is a free resolution of M*, then
G 0->M">Gy—G — - —

is exact. Since M = M™**, we can splice F and G* together and get a totally acyclic
complex

FIG :-- = F—>F —>F—-G —G —---

Gorenstein rings are characterized by the fact that every finitely generated

module has finite G-dimension [35].

Theorem 5.1.2. [11, Theorem 1.25]. Let A be local ring. For every finitely generated

A-module M of finite G-dimension, we have the equality

G-dims (M) = depth(A) — depth 4 (M).

The condition G-dim(M) = 0 for maximal Cohen Macaulay modules follows

from the Theorem 5.1.2.

35



5.2 Totally Reflexive Modules Without Exact Pair of Zero Divisors

As was mentioned earlier in this chapter, we will only consider Artinian non-
Gorenstein local rings (A, m, k). Thus for every such (A, m, k), there exists n € N
such that m® = 0 # m™"!. As just mentioned, Artinian non-Gorenstein rings with
m? = 0 admit only trivial totally reflexive modules. Therefore, the rings we will focus
on are these rings with the cube of the maximal ideal being zero.

If e =1, then A is a hypersurface, which is a Gorenstein ring.

If e =2, then A is a complete intersection ring, which is also Gorenstein.

The smallest e for which m® = 0 non-Gorenstein rings exist is e = 3. If e = 3,
then A has a Conca generator by [14, proof of Theorem 1]. An element a € A is
called Conca generator if a> = 0 and aA; = A,. Note that Conca generators are
special type of exact zero divisors, that is, we have Conca generators when a = b. In
this case there always exists a non-free totally reflexive modules.

Therefore, in addition to m®* = 0, we will consider rings with an embedding
dimension e > 3. We now give some known necessary conditions for the existence of

totally reflexive modules.

Theorem 5.2.1. [13, Theorem A| Let (A, m, k) be a local ring that is not Gorenstein
and has m® = 0 # m?. If § is a non-zero minimal acyclic complex of finitely generated
free A-modules, then the ring A has the following properties:

(i) Soc(A) =m?, and

(7i) edim(A) = dim(Soc(A)) + 1. In particular, length(R) = 2 edim(R).

Theorem 5.2.2. [37, Theorem 3.1] Let (A, m, k) be a non-Gorenstein local ring with
m? = 0 # m?.  If there exists a non-free totally reflexive A-module M, then the

following conditions hold:
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(i) The Hilbert series of A is 1+ et + (e — 1)t?,
(i1) A is a Koszul algebra, and

(i1i) M has a free resolution of the form

= AV A5 AT M — 0.
In other words, the resolution of M is linear with constant betti numbers.

Theorem 5.2.3. [12, Cor 8.5] Let k be an infinite field and let e > 0 be an integer.
A generic standard graded k-algebra A with Hilbert series A(t) = 1+ et + (e — 1)t?

has an exact zero divisor.
It is shown in [12] that for
A=klz 1/ (z] ; 3 i— — 2173)
— 1, X2, T3, T4 .CCD1'11'47513271'21'4,33371'31'4,334 T1T2 €r1T3),

there are no exact zero divisors in A when char(k) = 2. Observe that A is a quadratic
algebra with Hilbert series 1 + 4t + 3t2. It was also mentioned in [14, Example 12]
that there are Conca generators in A. If £ does not have characteristic 2 or 3, then
the elements x1 + x9 + 223 — x4 and 3z, + x9 — 223 + 424 form an exact pair of zero
divisors in A, see([12]). This was the example used to show that non-free totally
reflexive modules may exist even in the absence of exact zero divisors, and that exact
zero divisors may also exist in the absence of Conca generators. Later in this section,
we use our approach of using catalecticant matrices to illustrate the example from
[12].

In a recent study, Vraciu and Atkins constructed an interesting example of ring

of embeding dimension 8. The ring

A=kl oz yn ol (@ za) + (s wa) 1),
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where I = (21, 2)(ys, ya) + (23, 24) (Y1, y2) + (i, 2:)(3-;_; ¥5)) does not have any

exact zero divisors, but has non-free totally reflexive modules.

We now give a class of rings of embedding dimension 5 and higher that have no

exact zero divisors, but each ring has non-free totally reflexive modules.
Theorem 5.2.4. Suppose that F = (fi1, fo, f3, {f;}Z4) where

fr=—y192 +y1ya, f2 = —y1y2 + y2ys, f3 = —y1ya + ysya, fi = {—y1y2 + vii s
Then A := R/anng(F), where anng(F) = (x1%q, 1174, ToX3, T3Ty, TiTe, TiTe, i =
1,2,...e—1) is an Artinian ring with m® = 0, and Hilbert series of A is 1+et+(e—1)t2.
Proof. We first want to find the generating elements of ann(F"). We look for generators

in each degree. Define the map Cr(1,1;e): Ry — (S1)*"! by

Cr(1,1;e)(r)=roF

S
fa

[
Look at the catalecticant map Cr(1,1;¢) : Ry — (5;)® for e = 5. We

denote the matrix associated with this map by B. Then B is comprised of

+— fi

o O O o O
o O O O =
o O O O O

o O O = O

o O O O =

o O O O O
o
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0 —1 00 0

-1 0 000
Bi=[0 0 010|+=/fs

0 0 100

0 0 000

and Cr(1,15¢) : Ry LN (S1)3, with

0 —1.00 0

-1 0 000
CP=10 0 00 0]« fu

0 000

0 00 1

fi

f2

/3

4
For e = 5, we therefore have Cr(1,1;¢e) : Ry — (57)3, and

By

;

Catp(l,l;e) = s
B;

T

which is
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0 -1 010
-1 000
0 0 00
1 0 0O
0 00

-1 010

-1 0 1 00
1 000

0 000

B 0 000
-1 0 0 O

-1 0 0 00
0 0 010
0 0 100
0 0 000
0 -1 000
-1 0 0 00
0 0 000
0 0 000
0 0 001

We can observe that the rank of this matrix is 5, which implies that the the kernel
of the matrix is {0}. Hence, anng(F) does not contain any linear terms in the case
e=>5.

Next, we will use induction on e. Suppose the rank of the catalecticant matrix
is e — 1 for e — 1 variables. For e — 1 > 5, the catelecticant matrix

Byt
Bs!
BS
Catp(l,1;e—1) = | CF!
st

cel
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has (e — 1)(e — 2) rows and (e — 1) columns where

e—1 __ 7
Bl =

for all e = 1,2, 3,

for1 <j<e—05, and

o O O O O
o O O O O

and

For any e, the catalecticant matrix is

By
B3
By
Ct
cs |
Cs

Catp(l,1;e) =

e
0674

B!

7

having e(e — 1) rows and e columns, where Bf = 0

and C’; =
0 1

Me5 |0 ]
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[ B¢ 0
0 10
B o
. 0 |0
b B o
b3 0 10
fj’z it o
We have Catp(1,15e) = Ole = 0 |0
° cel o
c 0 |0
: csto
Cea 0 |o
ctlo
L 1 .
Byt
0
BS™
0
B!
0
ce!
Since the matrix 0 has rank e—1, then the catelecticant matrix Catr(1,1;e)
cs!
0
st
0
G
0

has rank e.
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We next we look for quadratic elements in anng(F'). Define Cr(0,2;¢e) : Ry —
(S0)¢™t by Cr(0,2;¢e)(r) = r o F. The catalecticant matrix Catyor(0,2;e) has size
e—1x (egl). Since z;xj0 F = z;xj0 fy, :czj foralll<i<j<3and1<k<e-—1,
this map is surjective, and the dimension of it’s kernel is (egl) —(e—1)= ‘J'Q’Te” It
is easy to check that 22 o F' = 0 for all i < 5, and that z;z; 0 F' = 0, for all 4, j except
T1To, T1T4, Tox3 and x3x4. Also (z129 + 1174 + Towz + x324 + 22 + ...+ 22) 0 F = 0.
This implies there are 4 + ((5) —4) + 1 = eZ_TeH elements in the annihilator of F'.
The corresponding Artinian ring A = R/I has (egl) — GQ_T‘“LQ = e — 1 generators
in degree 2. Choose {x1x9, X174, X223, $35E4,$?1:51} as the basis of A,. Note that all
the elements in Az are generated by the elements z7, 3, 23, 123, and dimy(A43) = 0.

Thus I = anng(F') is a homogeneous ideal of degree 2 . Hence the Hilbert series of

Ais 1+ et + (e — 1)t?, which proves the theorem. O

Theorem 5.2.5. The Artinian ring A = R/ anng(F) constructed above does not have
an exact pair of zero divisors, but A has totally reflexive modules that are presented

by the matrices

U B B R Ty + T2+ T3
To + T4 Ty — T4+ T5+ T+ -+ Te
and
U —X1+ Xy —T5— - — X, T1+ To + 23
Lo+ 4 1+ Ta+ 25+ T+ -+ 2 .

We use the following lemma to aid in the proof of the above theorem.

Lemma 5.2.6. Let ® and U be the matrices given above. Then
(i) The dimensions of the image of ® and ¥ are 2e.

(ii) The dimensions of the image of ®1 and VT are 2e.
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Proof. (i) The image of @ is its column space. Fix the basis of A as {x172, 124, ToT3, T34, T2},
where 5 < i < e — 1, as in the previous theorem. One can see that the column space

of @ is the number of linearly independent columns of the transpose of the following

matrix
—XT1 =Ty — Ty — 1 — X To + X4
T1+ Ty + 23 Ty — T4+ 25 +X6+ -+ Te
—T174 T1Xo + T124
X129 —T1T4
—T1T2 0
X122 + T2Z3 T1To
—X3T4 Loy + T3T4
ToX3 —X3T4
—X1Xy 0
T1x4 + T30 + 4 T1T4
—x? 0
0 T2
—x 0
0 x2
—x? 0
0 x?

Since there are 2(e — 4) — 24 10 = 2e linearly independent rows, the row space is 2e.
Similarly, we compute the column space of ¥. The column space of the matrix W is

the number of linearly independent columns of the transpose of the following matrix
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—X1+ Xy — Ty —Xg— " — Xe To + X4

[L‘1+172+ZL‘3 $1+J/’5+l‘6+"'+l’e
— X124 T1To + T124
12 X1y
—X1X2 0
T1T2 + T2Z3 T1T9
0 Tol3
ToT3 T3Ty
—T1%4 0
124 + 230 + 4 T1T4
—a? 0
0 T2
—x 0
0 :17%
—scg
0 x?

e

One can show that these rows are linearly independent. Hence dim Im(¥) = dim Im(¥) =
2e.
(ii) The image of ®7 is its column space. Fix the basis of A as {x1, 7124, TaT3, T34, T2},

where 5 < i < e — 1, as in the previous theorem. One can see that the column space

45



of ®7' is the number of linearly independent columns of the transpose of the following

matrix
—T] — Ty —T5— " — X T1+ X2+ 23
To + X4 T — Ty +2T5+T6+ -+ Xe
—T1T4 T1T2
T1To + T124 —T124
—T1X2 —X1T2 + ToX3
0 T1T9
—X3Ty4 Tol3
ToZ3 + T3T4 0
— X124 T124 + T3X4
0 T1T4
—x2 0
0 x2
—x2 0
0 z2
_xg
0 x?

e

Since there are 2(e — 4) — 2 + 10 = 2e linearly independent rows, the row space is
2e. Similarly, we compute the column space of 7. The column space of the matrix
U7 is the number of linearly independent columns of the transpose of the following

matrix
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—X1+ X4 —T5—Xg— -

T+ To + T3
—T1T4
T1To + T124
—T1T2
—X1X2
0
L3Ly4
ToX3 + T34
—T1Lg
_xg
0
_xg

0

To + X4
T1+ T+ Tg+ -+ e
T1T9
T1Ty
T1T2
T1T2 + T3
T1T2
L2X3
T34
T1Xy4 + X324
0
75
0

2
g

(‘b[\)o

Now we give the proof of the theorem 5.2.5

Proof. First we will show that there are not any exact zero divisors in A. Then we

will prove that the modules presented by given matrices are totally reflexive modules

over A.

47




Define the map Cuor(0,15€) : Ry — (S0)¢™! by Cuor(0,15€)(r) =r0ao0 F =
rao F for a = ayzy + -+ + aexe. The catalecticant matrix Cat,op(0,1;e) is the

e — 1 X e matrix

—ay + ay —aq 0 ai 0 O 0

—az —ay+az ap 0 0 0 0

—ay —ay agz a3 0 O 0

Cateor(0,1;€) = —ao —ay 0 0 a5 O 0
—ay —ay 0 0 0 ag 0

as —ay O 0 0 0 - a.

This matrix has at least a one dimensional kernel, and it is easy to see that
b = a1z, — asws + azrs — ayxy is in the kernel. That is, b € anng(a o F). If there are
other linear elements in the kernel then the matrix Cat,or(0, 1;€) does not have full
rank. Then (a,b) will not be an exact pair of zero divisors.

Now, assume that anns(a) N A; = (b). This implies that the matrix (Cat, o
f(2,1;3)) has rank e — 1. We repeat the process to find the catalecticant matrix
Catpor(0,1; €), which is

s — Q4 —aq 0O a 0 O - 0

ao —ay+a3 —ay 0 0 O - 0

Qg —aq —aq4 a3 0 0 - 0

Catpor(0,1;€) = as —ay 0 0 00 ---0
a9 —a 0 0O 0 0 - 0

Qo —aq 0 O 00 ---0

It is easy to see that anng(b) = (a,xs,zs,...x.). Note that z; # a, for all
i = 5,6,...e, otherwise the matrix Cat,.r(0,1;€e) will not have full rank, which
contradicts the assumption. We see that for any non-zero linear form a in A, there is
another linear form b € A such that anng(a) = (b). But anng(b) = (a, x5, zs, . . . x.),

which implies that A does not have any exact zero divisors.
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Next, we want to show that the modules presented by the matrices & and ¥
are totally reflexive modules. It is easy to verify that the products ®¥ and V& are
zero, whence F = .- 5 A2 % 42 & 42 % . ig 4 complex.

We shall first verify that F is totally acyclic. To see that, we must verify the
equalities Im ¥ = Ker ® and Im & = Ker U. By Lemma 5.2.3, we have dim(Im(®)) =
dim(Im(¥)) = 2e. But dim(ker(®)) = dim(R?) — dim(Im(®)) = 4e — 2e = 2e¢, and
dim(ker(¥)) = dim(R?) — dim(Im(¥)) = 4e — 2e = 2e. Therefore the complex is
exact, and hence F is acyclic. Since the maps in the dual complex Homy(F, R) are
the transpose matrices ®7 and U7, its dual F* is also a complex. Hence the complex
is totally acyclic, and the module M, presented by ®, is totally reflexive. Moreover,

the first syzygy of M presented by W is also a totally reflexive module . O

We want to look at the example mentioned in [12]. This is the example from
Conca in [14, Example 12] of a standard graded k-algebra with Hilbert series 1+4¢+3t>

and (0 : m) = m? having no Conca generator of m.
We illustrate the example from [12] using our approach.

Example 5.2.7.
Let e = 4, A = k[z1, 19, T3, 14]/ (23, 124, T3T2T4, T3, X324, 23 — 1179 — T123) and
the corresponding F is (—y1y2 + y193, Yoy3, —y1y2 + v3) in S. Then

—aq + as —ap ap 0
CataoF(O, 1, 4) = 0 as as 0

—Q9 ay 0 ay

has
2 2
b = (a1aza4 + arazay)r1 + (—aiasa4 + asazay)rs + (ajas — aya; — 2a1a2a3) 7,

in its kernel and
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CL%CL4 — a§a4 a1aszay + a1a2a4 —Q1Q204 — a1a304 0

CatboF(O, 1, 4) = 0 a§a4 — Q20304 a%a4 — 90304 0

a§a4 — Q9304 —Q10204 — Q103 0 2a1a2a3
In the matrix above, notice that if the characteristic of k£ is 2, then the last column

is 0. Therefore, a and b are not exact pair of zero divisors in A.
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Chapter 6
WEAK LEFSCHETZ PROPERTY

The Weak and Strong Lefschetz properties are strongly connected to many
topics in algebraic geometry, commutative algebra and combinatorics. Some of these
connections are quite surprising and are still not completely understood, and much
work remains to be done. In this chapter, we give an overview of some known results
on the Weak Lefschetz property and provide a connection between exact zero divisots

and the Weak Lefschetz property for Artinian rings.

6.1 Some Known Results

Definition 6.1.1. Let a be a general linear form. We say that A has the Weak
Lefschetz Property (WLP) if the homomorphism induced by multiplication by a,
A; % A1 has maximal rank for all i (i.e. is injective or surjective). We expect
maximum rank rk(a) = min{dim A;, dim A;,1}. The set of linear forms a for which
the map a has maximum rank is an open set in R, hence the use of the term general
linear form. We say that A has the Strong Lefschetz Property (SLP) if A; LiN Aitaq

has maximal rank for all ¢ and d (i.e. is injective or surjective).

Theorem 6.1.2. [19] Let R = k[z,y, 2|, where char(k) = 0. Let I = (Fy, F,, F3) be

a complete intersection. Then R/I has the WLP.

Proposition 6.1.3. [19, Proposition 4.4] Every Artinian ideal in k[z,y| with char(k) =

0 has the Strong Lefschetz property (and consequently also the Weak Lefschetz prop-

erty).
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One of the most interesting open problems in this field is whether all embedding

dimension 3 graded Artinian Gorenstein algebras have the WLP.

Example 6.1.4. [19, Example 4.3] Let R be the ring kfu,v,z,y, 2] and let F' =
zu® + yuv + zv?. The Gorenstein ring A = R/ann(F) algebra has neither the
Weak Lefschetz property nor the Strong Lefschetz property. However, now take the
polynomial ¢ = uF. Then the corresponding Gorenstein ring A = R/ann(g) has
the Weak Lefschetz property but not the Strong Lefschetz. The Artinian algebra
A = klz,y,2]/(23, 93, 23, (x + y + 2)3) has the WLP; A does NOT have the SLP

because (a?) fails to have maximal rank.

Theorem 6.1.5. [19] If char(k) = 0 and I is any homogeneous ideal in k[z,y| then
R/I has the SLP.

Theorem 6.1.6. (Stanley (1980), J. Watanabe (1987), Reid-Roberts-Roitman (1991))
Let R = k[xy, ..., x|, where k has characteristic zero. Let I be an Artinian monomial
complete intersection, i.e. I = (x{*,...,x%) Then R/I has the SLP. In particular, R/

eey r

has the WLP.

Theorem 6.1.7. [2, 3.6] Let I be homogeneous ideal in R defining A = R/1. Suppose
that the ring A satisfies m® = 0 and has Hilbert series 1 + et + (e — 1)t%. If A admits

an exact pair of zero divisors, then A has WLP.

Proof. Consider a general linear form a = a;x7 + ...a.x.. The e — 1 X e matrix
associated to the multiplication map A; < A, having maximal rank is an open
condition. If (a,b) is an exact pair of zero divisors then all e — 1 x e — 1 minors are

not identically zero. Therefore, the open condition is non-empty. O

Conjecture 6.1.8. Suppose A is a quadratic Artinian Algebra and has Hilbert series

1+et+ (e —1)t*. If A has WLP, then it admits an exact pair of zero divisors.
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If A is quadratic, then we believe that with all the hypotheses in the conjecture,
A admits an exact pair of zero divisors. The example below shows that A has WLP
but does not have an exact pair of zero divisors. This is the case when A is not

quadratic.

Example 6.1.9. [2, Example 3.7] Let A = k[zy, 2]/ (2? — 23,22 — 2175, 23). Then
A is an Artinian ring with Hilbert Series 1 + et + (e — 1)¢?, but A is not quadratic.
The ring A has WLP since the multiplication by a;zq + asxs : A1 — As is surjective
if a; + by # 0. Every linear term a € A has at least one linear term, say, b in the
annihilator and also a quadratic annihilator which is not multiple of b. Hence A does

not have an exact pair of zero divisors.

Theorem 6.1.10. [31, Theorem 5.11| Let I be a homogeneous ideal in R defining
a Gorenstein graded ring A := R/I of dimension zero. Suppose that char(k) = 0
and the number of the minimal generators of anng(a) over k[xy,x9,x3] is less than

or equal to two for a general linear form a. Then A has the WLP.
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