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ABSTRACT

MODELING THE EFFECTS OF THE IMMUNE SYSTEM ON BONE
FRACTURE HEALING

Imelda Trejo Lorenzo, Ph.D.

The University of Texas at Arlington, 2019

Supervising Professor: Hristo V. Kojouharov

Bone fracture healing is a complex biological process that results in a full
reconstruction of the bone [36]. However, it is not always an easy and successful
process. Indeed, in some unfavorable conditions, the bone fracture healing fails
with approximately 10% of fractures resulting in nonunion [49]. Furthermore, the
risk of nonunion healing increases with age, severe trauma, and immune deficiency
[29, 55]. In addition, clinical consequences of fractures include surgical management,
prolonged hospitalization, and rehabilitation resulting in high socioeconomic costs
[31]. A better understanding of bone healing would enable to find optimal conditions
for successful outcomes and to develop strategies for fracture treatments under normal
or pathological scenarios.

Immune cells and their released molecular factors play a key role for successful
bone healing [29, 47]. During bone fracture healing, the immune system cells clear up
debris and regulate tissue cellular functions: proliferation, differentiation, and tissue
production [47]. However, the exact mechanisms and functions of the immune cells

present at the fracture site are still not completely understood [49]. Prolonged and



chronic participation of the immune cells during the inflammation phase results in
delayed union or nonunion healing, while depletion of them results in delayed bone
formation [29, 47, 49]. Therefore, for successful bone healing, the participation of
immune cells in the healing process must be brief and well regulated [47, 49].

In this work, several new mathematical models are presented that describe
the process of bone fracture healing. The models incorporate complex interactions
between immune cells and bone cells at the fracture site. The resulting systems of
nonlinear ordinary differential equations are studied analytically and numerically.
Mathematical conditions for successful bone fracture repairs are formulated. The
models are used to numerically monitor the evolution of broken bones for different
types of fractures and to explore possible treatments that can accelerate the bone

fracture healing process.
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CHAPTER 1
INTRODUCTION

Bone fracture healing is a complex biological process that results in a full
reconstruction of the bone [36]. This process is given through a sequence of events
that involves the participation of different cell types and is strongly regulated by
several molecular factors and mechanical stimuli [5, 8, 41, 43, 47, 48]. This chapter,
the biological background of long bone fracture repair is described with an emphasis

on the immune system regulations during the healing process.

1.1 Bone Fracture Healing Phases

The bone fracture healing process can be described in three characteristic phases:
inflammatory, repair, and remodelling. Figure 1.1 describes the time-line of events
occurring in each phase. During inflammation, necroses of cells results in the delivery
of pro-inflammatory cytokines which activate and attract inflammatory immune cells,
such as neutrophils and monocytes, to the injury site [38, 49, 12]. In response to
their phagocytic activities these cells magnify pro-inflammatory production, leading
to an acute inflammation [9, 38, 19]. Subsequently, monocytes differentiate into
macrophages to down-regulate the inflammation and resolve it. Once this differentia-
tion begins, the influx of inflammatory cells ceases and they die out [50]. During the
resolution of inflammation, macrophages increase their population by migration and
activate to their classical and alternative phenotypes accordingly to the cytokines
stimuli [48, 40]. Classically activated macrophages release a high concentration of

pro-inflammatory cytokines, including the tumor necrotic factor-o (TNF-a/), and low



levels of anti-inflammatory cytokines in response to their engulfing functions [25].
Alternatively activated macrophages secrete high levels of the interleukin-10 (IL-10),
transforming growth factor-g (TGF-0), and low levels of TNF-q«, as they continue
with the clearance of debris and the modulation of inflammation [25]. The TNF-a,
[1-10, and TGF-§ stimulate the migration of mesenchymal stem cells (MSCs) to the
injury site and promote the differentiation and proliferation of the tissue forming
cells: MSCs, fibroblasts, chondrocytes, and osteoblasts [11]. The correct modulation
among the TNF-«, II-10, and the TGF-{ is essential to stimulate and secure the
healing of a broken bone.

During the repair phase, migrating MSCs contribute to the delivery of IL-10, and
proliferate or differentiate into fibroblasts, chondrocytes, and osteoblasts, according to
different molecular and mechanical stimuli [37, 11, 6, 24]. Particularly, specific growth
factors, such as the bone morphogenetic proteins (BMPs) and the TGF-g, activate
and direct the differentiation of MSCs into osteoblasts and chondrocytes [6, 2, 56].
Fibroblasts and chondrocytes proliferate and release the fibrinous/cartilagenous
extracellular matrix, which fills up the fracture gap and provides stability on the
fracture [2, 13, 43|, while osteoblasts proliferate and deposit the new bone, also
called woven bone [2]. Bone deposit results from the mineralized collagen and other
proteins delivered by the osteoblasts [43]. After bone mineralization, osteoblasts
remain on the bone surface or differentiate into osteocytes which become part of the
bone extracellular matrix [12, 18].

During the last phase of the bone fracture healing process, the fibrocartilage
and the woven bone are constantly removed and replaced by a functional bone
[14]. This process is referred to as bone remodeling and consists of a systematic

tissue degradation and production by osteoclasts and osteoblasts, respectively. Bone



remodeling is a slow process that can take months to years until the bone tissue

recovers completely its functionality [35].
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Figure 1.1. Inflammatory, repair, and remodeling phases of the bone fracture healing
process. During the inflammatory phase, debris (D) activate the healing process by
attracting macrophages M, to the injury site, which subsequently activate into their
M or M, phenotypes. Activated macrophages remove debris and secrete pro- and
anti-inflammatory cytokines, such as the TNF-« (¢1) and the IL-10 (c2), which regulate
the inflammation and the cellular functions. During the repair phase, migrating
mesenchymal stem cells (MSCs) up-regulate the IL-10 production, proliferate, and
differentiate into osteoblasts (C3) and chondrocytes (C.). The MSCs differentiation
is regulated by growth factors, such as the transforming growth factor-g (c3). c3
is synthesized by the M,, Cj, and C.. Chondrocyte and osteoblast cells synthesize
the fibro/cartilage and woven bone, which closes the fracture gap. During the bone
remodeling phase, osteoblasts and osteoclasts constantly remove and deposit new
bone until the fracture is fully repaired.

1.1.1 Sequence of healing events
In a moderate fracture, acute inflammation is observed 24 hrs after the injury,

which is also when TNF-« peaks, returning to its baseline levels within 72 hrs [35, 38].



Fibrinous/cartilaginous tissue production is observed in the first 3 days; it peaks in
about 10 to 12 days, and its removal starts as early as 21 days [2]. The inflammation
is considered resolved when debris is eliminated, activated macrophages emigrate
to the lymphatic nods to die, and inactivated macrophages return to their normal
density [50]. These events are observed two weeks after the beginning of the healing
process [14, 15]. Approximately at 28 to 35 days, osteoclasts populate the injury
site, and a substantial removal of the fibrocartilage is observed [14]. The fracture
healing outcome is considered a delayed union if the fibrous/cartilaginous tissue is
not removed completely in about 3 to 4 months after the injury, while it is considered

a nonunion if no functional bone is obtained in 6 months after the trauma [22].

1.2 Immune System Responses after a Bone Fracture

The immune system consists of cellular and molecular components that work
together to protect the body against infection. After a bone fracture, the immune
system cells are the first lineage cells that activate the healing process [49]. Neutrophils,
monocytes, and macrophages are the major contributor cells to the bone healing
process as they engulf debris, regulate inflammation, and promote vascular and tissue

formation through their secreted molecules profile [11, 48].

1.2.1 Immune system cells

Monocytes are precursor cells derived from the bone marrow. Monocytes
circulate the body by moving into the bloodstream, and, after crossing the walls of
capillaries, monocytes develop into macrophages [1, 54]. Neutrophils are the most
common motile-type of phagocytes, short-lived cells that tend to attack bacteria
[50]. Macrophages are resident tissue cells that, in response to injury, regulate

inflammation and promote vascular and tissue formation [48]. Macrophages are
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the most important immune cells present throughout all of the healing phases [47].
Macrophages are classified into classically and alternatively activated macrophages
[48, 10, 43]. Classically activated macrophages release high levels of pro-inflammatory
cytokines, including the TNF-« and the interleukin-1 (IL-1), which exhibit inhibitory
and destructive properties in high concentrations [9, 48]. In contrast, alternatively
activated macrophages are characterized with the secretion of the anti-inflammatory
cytokines, such as the IL-10 and the TGF-£3, which increase their phagocytic activities,
mitigate the inflammatory responses, promote growth, and accelerate the fracture
healing [48, 10, 31, 29]. Within the bone, macrophages are founded in the periousteum
and endousteum [61]. Macrophages are also promising candidates for targets in

immune-modulatory interventions [31, 48].

1.2.2  Regulatory molecules

The bone fracture healing process is strongly regulated by released molecular
factors. These molecules can be categorized into two groups: cytokines and growth
factors [11]. Cytokines work as chemotactic agents and mainly regulate the immune
system responses, while growth factors promote proliferation and differentiation of

the tissue forming cells [17].

1.2.2.1 Cytokines

Cytokines are proteins that mainly regulate the immune system cells [17]. They
either have positive or negative effects on the cellular functions depending on the
influence of other cytokines, concentration, and exposed time [5, 8, 41, 43]. Cytokines
are functionally classified into pro-inflammatory and anti-inflammatory families.

Pro-inflammatory cytokines, such as the TNF-a, are mainly released by the

inflammatory cells and activate the immune system defense to kill bacteria and fight
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infections. Anti-inflammatory cytokines block the pro-inflammatory synthesis and
activate the mesenchymal lineage cellular functions [29]. The IL-10 is one of the most
potent anti-inflammatory molecules that inhibit the pro-inflammatory production
[1, 29] and is mainly delivery by macrophages and MSCs [29].

The correct balance between the pro- and anti-inflammatory cytokines during
fracture healing is necessary for successful fracture repair. High levels of TNF-a
induce chronic inflammations, inhibits proliferation and differentiation of the tissue
cells, and induces a gradual destruction of the cartilage and bone tissue [41]. However
the absence of TNF-« results in nonunion or delayed nonunion [9, 38|. Furthermore,
the TNF-a exhibits a dual effect on the MSCs, below to 15-20 ng/mL, it enhances
MSCs’ proliferation while, above of this concentration, inhibits MSCs’ proliferation

[4].

1.2.2.2 Growth factors

Growth factors are proteins that activate and promote cellular proliferation
and differentiation [11]. The bone morphogenetic proteins (BMPs) and the TGF-$
are the two major families that promote bone formation [6, 2, 56].

BMPs regulate growth of different cell types and potentially induce MSCs differ-
entiation into chondrocytes and osteoblasts [11]. The main source of BMPs are MSCs,
osteoblasts, and chondrocytes. TGF-3 enhances proliferation of MSCs, chondrocytes,
and osteoblasts. TGF-f also directs the MSCs differentiation into osteoblasts and
chondrocytes [2]. Furthermore, TGF-/3 suppresses the pro-inflammatory cytokine
productions [1] and is a potent chemotactic stimulator for MSCs and macrophages
[11]. TGF-beta is released by the immune-system cells at the time of fracture and is
synthesized by both osteoblasts and chondrocytes at specific times during the fracture

healing process [2, 26].



1.3 Bone and Tissue Forming Cells
Bone fracture healing is given by a systematic tissue formation and degradation.
Bellow, the functions of the most important bone cells involved in tissue formation

are described.

1.3.1 Tissue forming cells

Mesenchymal stem cells (MSCs) are adult, nonhematopoietic, stem cells that
have the ability to proliferate and differentiate into osteoblasts, chondrocytes, fibrob-
lasts, and adipocytes, among other connective tissue, such as bone, cartilage, tendon,
skeletal muscle, and adipose tissue, which makes them an attractive cell source for
cell-based regenerative therapies [6, 58]. MSCs reside in specific environments located
within the vicinity of vessel walls [58]. Within the bone tissue they are located in the
perousteum, endosteum, and bone marrow [58, 61, 46].

Osteoblasts are derived from MSCs and are responsible for bone formation
[12]. Osteoblasts have the ability to proliferate and differentiate into osteocytes [2].
They are located on the bone surface (osteon), where release collagen and other
proteins which in a process of mineralization result in bone tissue [43]. After bone
mineralization, osteoblasts remain on the bone surface or differentiate [12, 18].

Chondrocytes are derived from MSCs and synthesize cartilage. They have
the ability to proliferate with a terminal stage. Fibroblasts secrete collagen fibers.
Both fibroblasts and chondrocytes are residents of connective-cartilage tissue. During
the bone fracture healing, chondrocytes and fibroblasts proliferate and secrete the
fibro/cartilagenous tissue that supports bone formation [35, 13].

Osteoclasts remove bone by demineralizing it with acid and dissolving collagen

with enzymes [12]. These cells originate from the bone marrow cells (from hematopoi-



etic precursor cells) similar to monocytes and machrophages. They are located on

the bone surface.

1.3.2 DBone tissue types

Woven and lamellar bone are two types of bone tissue that differ in composition,
organization, growth, and mechanical properties. Woven bone is quickly formed
and poorly organized with a more or less random arrangement of collagen fibers
and mineral crystals. Lamellar bone is slowly formed, organized in parallel layers or
lamellae that make it stronger than woven bone [12]. During bone fracture healing,
woven bone is firstly created and, then, through the bone remodeling process, is

totally replaced by the lamellar bone [12, 14].

1.3.3 Bone tissue formation

There are two ways of bone tissue formation: intramembranous and endo-
chondral ossification [12]. In intramembranous ossification, MSCs differentiate to
osteoblasts which directly deposit bone [11]. In endochondral ossification, MSCs
differentiate into chondrocytes which synthesize cartilage. This cartilage is mineral-
ized through chondrocyte apoptosis, and subsequently osteoblasts penetrate the dead

structure and generate bone [18].

1.3.4 Bone structure

Long bones are structured in different layers, from the outside to the inside:
periosteum, cortical bone, endosteum, trabecullar, and bone marrow [12]. The
periosteum is the boundary layer attached to the soft tissue. It provides a good
blood supply to the bone and contains progenitor cells. The cortical bone consists

of cylindrical structures of lamellar bone (also called osteon) [12]. The trabecullar

8



or cancellous bone consists of interconnected cuboid bones filled with bone marrow.
The endosteum is a thin vascular membrane of connective tissue that lines the inner
surface of the bone tissue and the medullary cavity where lies the bone marrow. Bone
marrow is a tissue composed of blood vessels, nerves, and various types of cells, whose

main function is to produce the basic blood cells.



CHAPTER 2

MODELING THE FUNDAMENTAL FUNCTIONS OF THE IMMUNE SYSTEM
IN BONE FRACTURE HEALING

The most important effects of the immune system on bone fracture healing are
observed during the inflammatory and repair phases of the healing process [27, 48, 47].
During the inflammatory phase, immune system cells modulate and resolve the
inflammation by engulfing debris. During the repair phase immune system cells
provide an optimal environment for the cellular proliferation, differentiation, and
tissue production through their released molecules factors [36]. In this chapter the
phagocytic and the pro-inflammatory regulatory effects of the immune system in
the bone fracture healing are modeled. In order to mathematically represent and
study the complex processes involved in bone fracture healing different modeling

assumptions will be established.

2.1 Modeling Assumptions

The primary variables during the inflammatory and repair phases of the bone
fracture healing process are debris (D), macrophages (M), MSCs (C,,), osteoblasts
(Cy), TNF-« (¢y), fibrocartilage (m.), and woven bone (my,). The biological system
interactions are depicted in Figure 2.1. In the flow diagram, the cells and cellular
dynamics are represented by the circular shapes and solid arrows. The molecular
concentrations and their production/decay are represented by the octagonal shapes
and dashed arrows. The pro-inflammatory cytokines activation/inhibition effects on

the cellular functions are represented by the dotted arrows. Removal of debris and

10



the negative effect among the variables are represented by the dot-ending dotted

arrows.

Y g
Inflammation Repair

Figure 2.1. Flow diagram of the cellular and molecular dynamics during the inflam-
matory and repair phases of the bone fracture healing process .

It is assumed that the tissue cellular functions are regulated by c¢;. It is also
assumed that c; is delivered through cell necrosis and by the macrophages. It is
further assumed that the repair process is governed by the production of m,. and
my [2, 7], whose final levels are used to classify the outcome of the bone healing
process. Additionally, it is assumed that debris D are proportional to the number
of necrotic cells [27]. It is also assumed that macrophages M release ¢; and engulf
debris. Additionally, the population of macrophages increases proportionally in size

to the density of debris up to a maximal value of M,,,, [40]. The accumulation of

11



macrophages at the injury site is modeled by its recruitment due to inflammation,
which is assumed to be proportional to the debris density.

Furthermore, it is assumed that the differentiation rates of MSCs into osteoblasts
and osteoblasts into osteocytes are constant. MSCs synthesize the fibrocartilage, while
osteoblasts synthesize the woven bone. It is also assumed that only the fibrocartilage
is constantly removed by the osteoclasts, with the density of the osteoclasts being
assumed proportional to the density of the osteoblasts [2]. In addition, it is assumed
that the populations of the two tissue cells, C), and C}, experience logistic growth,
where the growth rates decrease linearly as the populations’ sizes approach a maximum
value, Kj,, and Kj,, imposed by the limited resources of the environment [2, 42]. Tt is
also assumed that MSCs increase their population by migration proportionally to the

debris density. However, it is assumed that there is no recruitment of osteoblasts.

2.2 Model Formulation

The inflammatory and repair phases of the bone fracture healing process are
modeled with a mass-action system of nonlinear ordinary differential equations. All
variables represent homogeneous quantities in a given volume. Following the outlined
biological assumptions and the flow diagram given in Figure 2.1 yields the resulting

system of equations:

dD
— = —RpM 2.1
dt b (2.1)
dM
— = Ry —dyM 2.2
dt MM (2:2)
d
_dctl = koD + kM —de, ¢y (2.3)
dC, C,
Zm A 1—- ") _F 2.4

12



dC, C

d_tb = Abe <1 - K_lbb) + FlCm — dbe (25)
dm,

dt = (pcs - QCdlmc>Cm - QCdech (26)
dm
Wb (Pos — qrarmn) Co (2.7)

Equation (2.1) describes the rate of change with respect to time of the debris
density, which decreases proportionally to M. The engulfing rate Rp is modeled by a
Hill Type II function to represent the saturation of the phagocyte rate of macrophages

(34, 39]:
D
Rp = kg x ———.
b d Qeqg + D
Equation (2.2) describes the rate of change with respect to time of the macrophages
density. It increases because of migration and decreases by a constant emigration

rate, dy;. It is assumed that M migrate to the injury site proportionally to D up to

a maximal constant rate, kq., [1, 25]:

M
b (112 )

Equations (2.3) describes the rate of change with respect to time of ¢;. Here, kg and
ky are the constant rates of the cytokine production and d., is the cytokine constant
decay rates. Equation (2.4) describes the rate of change with respect to time of
Cpn, which increases by cellular migration and division up to a constant-maximal
carrying capacity, Kj,, and decreases by differentiation [2]. The migration rate of
MSCs is modeled proportional to the debris density, R,, = k,,D, and the total MSCs
proliferation rate is modeled by [51]:

2
Apm + pm, C1

2 2
A, + ¢

A = kpm X

Y

where in the absence of inflammation, ¢; = 0, MSCs proliferate at a constant rate

kpm. However, when there is inflammation, ¢; > 0, the proliferation rate of MSCs
13



increases or decreases according to the concentration of ¢y, i.e., high concentration
levels of ¢; inhibit C,, proliferation, while low concentration levels of ¢; accelerate
C,, proliferation. The differentiation rate of C,, is inhibited by c;, which is modeled

by the following function [27]:

Qmp
F=d, x ————.
ambl +Cl

Equation (2.5) describes the rate of change with respect to time of Cj. It increases
when MSCs differentiate into osteoblasts or when osteoblasts proliferate [2]. It
decreases at a constant rate d, when osteoblasts differentiate into osteocytes. The
osteoblasts proliferation rate is inhibited by ¢;, which is modeled by the following

function [27]:

Qpb

Ay =k x —2—.
b pb apbh + C1

Equations (2.6) and (2.7) describe the rate of change with respect to time of the

fibrocartilage and woven bone, where p.; and py, are the tissue constant synthesis

rates, and qeq1, Qea2, and gpq are the tissue degradation rates, respectively [2].

2.3 Qualitative Analysis

The analysis of Model (2.1)-(2.7) is done by finding the equilibria and their
corresponding stability properties. An equilibrium is a state of the system where the
variables do not change over time and can be found by setting the right-hand sides of
the equations equal to zero [42]. Once the equilibria are identified, it is important to
determine the behavior of the model near equilibria by analyzing their local stability
properties. An equilibrium is locally stable if the system moves toward it when it is
near the equilibrium, otherwise it is unstable [42]. Therefore, the equilibria provide

the possible outcomes of the bone fracture healing process and their corresponding
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stability properties define the conditions under which a particular healing result
occurs.

An equilibrium point of the model is denoted by the vector form E(D, M, ¢,
Cin, Cp, me, mp). The model has three biologically meaningful equilibria: Fy(0, 0,0, 0,
0,m? ,my; ), £1(0,0,0,0, K(1 — dy/kp), 0, pos/qva), E2(0,0,0,C%, CF,mi, Dos/Gva)-
Their definitions, existence, and corresponding stability conditions are described in
the following theorems. The existence of each equilibrium point arises from the fact
that all biologically meaningful variables are nonnegative, and their stability analysis
is conducted using the Jacobian of the system at each equilibrium point and finding
its corresponding eigenvalues [42; 60].
Theorem 2.3.1. Suppose that m > 0 and my > 0. Then Ey(0,0, 0,0,0,mzo,mzo)
exists for all the parameter values and Eq belongs to the set B = {(0,0,0,0,0,m.,my) :
0 <me < Pes/Geay» 0 < my < pps/qoa}, which is a local attractor set of the solution set

giwen by System (2.1)-(2.7) if and only if kpm < dy, and kyy < dp.

Proof of Theorem 2.3.1. E(0,0,0,0,0,m; ,m; ) exists for all the parameter values,
since its elements are nonnegative and do not depend on the parameters. Next, it will
be proved that any solution of the System (2.1)-(2.7) with positive initial conditions
is positive. The right-hand side functions of System (2.1)-(2.7) are continuous and
bounded, since all model variables and parameters are positive. Hence, for each initial
condition of the system, there is a unique solution [53]. Since zero is a solution of the
System (2.1)-(2.7) and by uniqueness of solution then all the solutions of the system
with positive initial condition are positive [53].

Next, it will be proved that the hyperplane A = {(0,0,0,0,0,m., mp) : me >

0,m;, > 0} is an attractor set of the solutions of the system (2.1)-(2.7). There
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are two cases to consider based on the relation between the cells proliferation and
differentiation rates.
First, let us examine the case when k,,, < d,, and k,, < d;. The Jacobian

matrix J(Eyp) is given by the following lower triangular block matrix

J1(Eyp) 0 0
J(Eo) = J: (B 0 :
0 Js  Js(Ep)
where
0 0 0
—dp, + kpm 0
Ji(Eo) = kmaz —das 0 . Jo(Ep) = )
dm _db+kpb

ko 0 de,

0 0

J3<E0) = 5
0 0

and J7, Jj are non zero submatrices. Therefore the corresponding characteristic
polynomial associated with J(FEy) is given by the product of the characteristic

polynomials associated with each submatrix [52]:
P(N) = N (A+dar) A+ dey) (A + i — Kp) (A + dy — ki)

Therefore, the eigenvalues of J(FEy) are negative for the variables M, ¢;, C,,, and
Cy and are equal to zero for D, m,, and my. Since D'(t) < 0 for all the variables in
the system (2.1)-(2.7) and (D*,0,0,0,0,m.,my) with D* 2 0 is not an equilibrium
point, then the solutions of the system (2.1)-(2.5) are attracted to the set A =
{(0,0,0,0,0,m¢, mp) : me > 0,mp > 0}. Equations (2.6) and (2.7) imply that m/ <0
and my, < 0 for all m. > pes/qea, and mp > pps/qpa. Therefore, set B is a local

attractor set of A [53].
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Next, let us consider the case when k,,, = d,,, and d, = k,;,. Here, the eigenvalues
of J(Ey) are the same as above except those associated with C,, and Cj, which are
equal to zero. Therefore, in this case, considering the second order approximations
of the right hand sides of Equations (2.4) and (2.5), instead of just the first order
approximations, and using similar arguments as above, proves that the set B is a

local attractor set of A. O

It is important to note that the System (2.4)-(2.5) is well-posedness, since for
any non-negative initial condition, the solution of the system exists, is unique, and
remains within the state space, i.e., D >0, M >0,¢;, >0,C,, >0,Cy, >0, m. >0
and my > 0, see the proof of Theorem 2.3.1.

Theorem 2.3.2. The equilibrium E1(0,0,0,0, K;p(1 — dy/kp), 0, Dbs/qoa) €exists when

kpp > dp, and it is locally stable if and only if dp, > kpp,.

Proof of Theorem 2.3.2. E, is well defined since by hypothesis all its elements are
nonnegative. Next, the Jacobian matrix corresponding to Fj is given by the following

lower triangular block matrix:

Ji(Ey) 0 0
J(Er) = J; h(B) 0 :
0 Js  J3(Ey)

where J;(FE) has the same expression as Ji(Ep) defined in Theorem 2.3.1, J; and J3

are nonzero sub-matrices and

—dy, + kpm 0
JQ(EI) = )
dm db - kpb
—Qed, Kin(1 — kd—b) 0
J3(Ey) = pb ;
0 — oK (1 — k—pbb)
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Since d,;, — kpm, > 0 and ky, > dp and all the eigenvalues of J;(Ep) are non-positive
values, then all the eigenvalues of J(F;) are all negative except the eigenvalues
associated with D and (), when k,,, = d,,, which are equal to zero. Therefore,
by applying similar arguments provided in the proof of Theorem 2.3.1 when the

eigenvalues are zero, it implies that F; is a locally stable node. ]

Theorem 2.3.3. Suppose that k,,, > d,,. Then the equilibrium E5(0,0,0,0,0,c5, Cr,
Olja m:)pbs/de)) where C:n = Klm(]- - dm/kpm)y m: = pcsc;m/(chlo:(n + QCdQOlf)a and

Cr = Kip(kpy — dp + \/(kpb — dp)? + 4k d, Cr ) Ky ) [ 2k, exists and is locally stable.

Proof of Theorem 2.3.3. From the definition of E, and the hypothesis, k,,, > d,,, it
is easy to see that all the elements of Fy are nonnegative. Nets, the Jacobian matrix

corresponding to Ejy is given by the following lower triangular block matrix:

Ji(E) 0 0
J(Ez) = J; Ja(B)) 0 :
0 Js  J3(Es)

where J;(FEsy) has the same expression as Ji(Ep) defined in Theorem 2.3.1, J5 and J3
are nonzero submatrices, and
Ay — Kb 0

Jo(E) =
KopdmCi
dm _\/(db — Fp)? + 4=

Y

Jo(Ey) = —qea, Oy — qear, Cy 0
0 —@aCy
Since kpy, > d,,, and all equilibrium variables and parameter values are positive, then
all the eigenvalues of Jy(Es), Jo(Es), J3(Ey) are negative except for the eigenvalue
associated to D which is equal to zero. Following the same arguments applied in the

proof of Theorem 2.3.1 for the eigenvalue equals to zero, it can be concluded that Fs

is locally stable. ]
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The existence conditions for the three equilibria are summarized in Table 2.1,
and their stability conditions and the all possible resulting set of equilibria are
summarized in Table 2.2. From Theorems 2.3.1-2.3.1, the existence condition for
Ey requires that the steady state tissue densities to be either zero or any positive
number. For E;, the existence condition arises from the requirement that the steady
state density of (', must be greater than zero, which implies that the proliferation
rate of osteoblasts must be greater than their differentiation rate, i.e., ky, > dp.

Similarly for FEs, the existence condition arises from the requirement that
the steady state density for C,, must be greater than zero, which implies that
the proliferation rate of MSCs must be greater than their differentiation rate, i.e.,

kpm > dy,.

Table 2.1. Existence conditions for the equilibrium points and their biological meaning.

Equilibria Conditions Meaning
Ey (0, 0,0,0, O,mzo,mzo) me,, my, > 0 nonunion
E (0, 0,0,0, Ky (1 — 2,0, 52’2) kpy > dy successful healing
Es (0, 0,0,Cp,, Cy,mg, Z ZZ) kpm > dm nonunion or delayed union

Ey is stable when k,,,, < d,,, and k,, < d (see Theorem 2.3.1), which implies
that the differentiation rates of the MSCs and osteoblasts are greater than or equal
to their proliferation rates, respectively. The steady-state Ej represents a nonunion.
In this case, the inflammation is resolved since the first five entries of Ej are zero;
however, the repair process has failed since the osteoblasts and osteoclasts have died
out before the beginning of the remodeling process. Hence, the tissue densities, m},
and mj , can be any two positive values smaller than their maximal densities, pc; /Qear
and pps/qea, respectively (see Theorem 2.3.1).
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E, is stable when ky,, < d,,, and k,, > d, (see Theorem 2.3.2). The steady-state
E represents a successful repair of the bone fracture; where the inflammation is
resolved, the fibrocartilage is completely removed from the repair site, and the woven
bone has achieved its maximal density. In this case, osteoblasts proliferate faster
than they differentiate while MSCs have the opposite behavior.

E, is stable when k,,, > d,, (see Theorem 2.3.3). The steady-state £ represents
a nonunion or delayed union, where the inflammation is resolved but the osteoclasts

have failed to degrade the cartilage in a timely fashion.

Table 2.2. Stability conditions for the equilibrium points.

Equilibria Stability Conditions Stability
Ey Epm < dmy kpp < dp Ey belongs to an attracting local set
Ey, 1 Epm < dm, kpy > dy FEy unstable; E; locally stable
Ey, B Epm > dm,y kpp < dp Ey unstable; E5 locally stable

Ey, B, Es Epm > dm, kpy > dy Fy and E; unstable; Fs locally stable

2.4 Numerical Results

The proposed new model (2.1) - (2.7) is used to study the importance of
macrophages during the inflammatory and repair phases of the bone fracture healing
process, which occur within the first 21 days after trauma [27, 64]. Tt is also used to
investigate the evolution of a broken bone under normal and pathological conditions.
Table 5.1 summarizes the baseline parameter values and units for the numerical
simulations. These values are estimated in a qualitative manner from data in other
studies [39, 40, 63, 2, 24, 27]. Some of those from [27, 55] were also rescaled to account
for the different mathematical expressions of the proliferation and differentiation
rates of the tissue cells. All parameter values are based on murine experiments with

healthy mice having a moderate fracture (a broken long bone with a gap size less
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than 3mm) [2, 24]. However, the bone fracture healing process for humans involves
the same cells, cytokines, and qualitative dynamics, differing only in the number of
cells, concentrations, and the length of time it takes for a full recovery [20].

First, a set of numerical simulations is presented to support the theoretical
results (successful and nonunion equilibria) and to numerically monitor the healing
progression of a moderate fracture in normal conditions. Next, the mathematical
model is used to investigate the effects of macrophages during the bone fracture
repair. Then, another set of numerical simulations is performed to analyze the
inflammatory effects in bone healing for different types of fractures. Finally, a set
of numerical simulations is presented to explore various cellular treatments under

numerous pathological conditions.

2.4.1 Different outcomes of the bone fracture healing process

A set of numerical simulations is presented to support the theoretical results.
According to the qualitative analysis of the model, there are three equilibria: Ey, E;
and Fs, where their stability conditions are determined by the tissue cells’ proliferation
and differentiation rates, kpm, kps, dm and dy, respectively. The following parameter
values are used: kp,, = 0.5, d,, = 1, kp, = 0.2202, and d;, = 0.3, to demonstrate the
stability of Ey, since then k,,,, < d,, and k,, < d,. The stability of F; is demonstrated
using the following parameter values: d,,, = 1, kp, = 0.5, kpp, = 0.2202, and dp, = 0.15,
since then k,,, < d,, and k,, > d,. Finally, the following parameter values are used:
kpm = 0.5 and d,,, = 0.1, to demonstrate the stability of Ey, since then k,, > d,.
Different time-periods are used in Figures 2.2-2.4 to better demonstrate the qualitative

behavior of the system under different stability conditions.
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Figure 2.2 shows the qualitative behavior of F; for the macrophages, debris,
and TNF-« densities, with the inflammation being resolved in about 40 days. Since

at this time, macrophages density is near zero.
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Figure 2.2. Cellular and molecular evolution of the resolution of the inflammation in
normal conditions.

Figure 2.3 shows the qualitative behaviors of E; for the MSCs, osteoblasts,
cartilage, and bone densities. Here, the MSCs density decays to zero over time, while
the osteoblasts maintain a constant density below their carrying capacity K = 1 x 10°.
In addition, the bottom plots of Figure 2.3 show that the cartilage is eventually
degraded by the osteoclasts, and the bone achieves its maximum density of 1 ng/mL.
Therefore, F; exhibits the temporal progression of a successful bone fracture healing.

Figure 2.4 shows the qualitative evolution for the MSCs, osteoblasts, cartilage,
and bone densities for Ey (solid lines) and E, (dotted lines). Since the temporal
evolution of macrophages, debris, and cytokines densities in Ey and Fs are similar to

those for F; showed in Figure 2.2, then they are omitted here. It can be observed
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Figure 2.3. Cellular and molecular evolution of the repair process in a successful
fracture healing.
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Figure 2.4. Cellular and molecular evolution of the repair process in a nonunion
fracture healing.

in Figure 2.4 that the two cellular densities in Ey, MSCs and osteoblasts, decay to
zero over time, with the osteoclasts failing to degrade the cartilage, which results

in nonunion. Mathematically, this case occurs when osteoblasts proliferate at a

23



rate lower than their differentiation rate, i.e., ky < dp. In practice, this scenario
is commonly observed in advanced-age patients whose MSCs and osteoblast cells
decrease their capability to proliferate and differentiate [31]. On the other hand, the
two cells and the two tissues in Ey remain at positive constant values (Figure 2.4), but
the final fracture healing outcome is still a nonunion. Here, the osteoclasts again fail
to degrade the cartilage [31], even though the bone has achieved its maximum density
of 1 ng/mL. Therefore, in this case, migration of osteoclasts must be enhanced

through surgical interventions in order to achieve a successful bone repair [2].

2.4.2 Importance of macrophages during the bone fracture healing process

Next, the mathematical model is used to investigate the effects of macrophages
during the inflammatory and repair phases of the bone fracture healing process. The
major contribution of macrophages to fracture healing is through their phagocytic
function and their regulation of the tissue cellular functions, which is modeled with
the ¢;. Therefore, the values of the parameter ky, representing the phagocytic rate of
macrophages, and ki, representing the secretion rates of ¢; by M are varied in the
numerical simulations as compared to their base values from Table 5.1.

Figure 2.5 shows that macrophages have drastic effects on the short-term tissue
dynamics during the healing process. Because of the faster phagocytic rate (dashed-
doted lines) of macrophages, the fibrocartilage formation is less, and its degradation
started earlier, while woven bone doubles in about 1 week. In contrast, with a slower
phagocytic rate (dashed lines) of macrophages, the fibrocartilage experiences an
increase during the second week and beyond, while the woven bone hardly formed.

Figure 2.6 shows that macrophages promote the production of the fibrocartilage
after the second week and beyond, while macrophages lightly inhibit the woven bone

production during the second week.
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Figure 2.5. Tissues evolution for different phagocytic rates: baseline phagocytic rate
(solid line), k; = 13; faster phagocytic rate (dashed-doted line), k; = 48; slower
phagocytic rate (dashed line), ks = 3.
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Figure 2.6. Tissues evolution when the regulatory effect of macrophages through c;
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contribute to the healing process (dashed line), k; = 0.
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Figure 2.7. Tissues evolution for different ¢; production rates by macrophages:
baseline production rate (solid line), k; = 8.3 x 107%; doubling the production rate
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Figure 2.7 shows that macrophages have drastic negative effects on the bone
healing as they increase their ¢; production rate: less removal of the fibrocartilage
and less bone production are observed after the second week and beyond, when k; is

increased by two and six times its base line parameter value.

2.4.3 Evolution of the healing process for different types of fractures

In this section, the model is used to monitor the evolution of a successful repair
(Table 5.1) for different types of fractures. In healthy individuals, simple, moderate,
and severe fractures are correlated with the debris densities [32, 23]. Therefore,
the initial debris concentration is set to D(0) = 5 x 10°, D(0) = 5 x 107, and

D(0) =5 x 108, for a simple, moderate, and severe fracture, respectively.
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Figure 2.9. Concentration of inflammatory cytokines present in small, moderate, and
severe fractures.
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Figure 2.8 shows that the tissue production is a slow process for a simple
fracture, since both the cartilage and bone densities are less than the corresponding
tissue densities for moderate and severe fractures. A slow healing process is commonly
observed in micro-crack healing [32]. Furthermore, there is less cartilage formation
over time in simple fractures [23]. For a moderate fracture, the maximal production
of the cartilage is observed around 10 days followed by a significant degradation, while
the bone tissue production occurs after the first week. For a severe fracture, Figure
2.8 shows that there is a delay in the two tissues production compared with those
given by moderate fractures, with the peak of the cartilage and bone productions
observed at around day 16.

From Figure 2.9, it can be observed that the peak of inflammatory cytokines
concentration increases as debris densities increases. Furthermore, high concentration
of inflammatory cytokines leads to delayed healing, as it is observed in severe fractures.
Therefore the healing time of a broken bone is determined by the inflammatory

cytokines concentrations.

2.4.3.1 Cellular therapeutic interventions under immune-compromised conditions

Additions of MSCs to the injury site through injection and/or transplantation
have been used in practice to stimulate and augment bone fracture healing [29].
Another cellular intervention is the scaffold implants, where macrophages and MSCs
are co-cultured together [31]. In this section, the Model (2.1)-(2.7) is used to explore
these possible therapeutic treatments to accelerate the healing of a broken bone
under normal and pathological conditions such as severe fractures, advanced age, and
senile osteoporosis [31]. The parameter values used in the numerical simulations that

explore these possible therapeutic treatments are the same as in Subsection 2.4.3.
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Figure 2.10. Tissues evolution in a moderate fracture without therapeutic innerva-
tion (solid line) and with MSCs injection (dashed-dotted line) and with MSCs and
macrophages transplantation (dashed line).

First, for healthy individuals with moderate and severe fractures the debris
values are D(0) = 5 x 107 and D(0) = 5 x 108, respectively. Second, the following
parameter values are used: kq = 3 and k; = 9 x 1075 to simulate bone fracture healing
in aging individuals, since in this case, the macrophages phagocytic rate decreases,
and there is an increase of pro-inflammatory cytokine synthesis by the macrophages
(19, 31]. Finally, ¢;(0) = 100, kp,,, = 0.2, d,, = 0.5, k,, = 0.16, and dj, = 0.15 are used
to simulate the healing process for a senile osteoporotic fracture, since in this case, a
high level of pro-inflammatory cytokines is observed, and the MSCs and osteoblast
functions decrease [31]. The MSCs injection are simulated by setting C,,(0) = 5 x 10%.
The MSCs and macrophages transplantation are simulated by setting C,,(0) = 5 x 10°

and M (0) = 2 x 10°.
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Figures 2.10, 2.11, 2.12, and 2.13 show that the two cellular interventions
increase both tissue productions. Furthermore, those interventions result in larger
improvements in aging fractures, see Figure 2.12. However, there is no bigger difference
between the two therapeutic interventions, the MSCs injection and the MSCs and

macrophages transplantation.

2.5 Summary of the Results

In this Chapter 2, a new mathematical model was formulated to gain a better
understanding of the most fundamental functions of the immune system during the
bone fracture healing process: phagocytosis and the delivery of pro-inflammatory

cytokines.
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Figure 2.12. Tissues evolution in an aging fracture without therapeutic innervation
(solid line), with MSCs injection (dashed-dotted line) and with MSCs injection
(dashed-dotted line) and with MSCs and macrophages transplantation (dashed line).

The mathematical analysis revealed that there are three feasible fracture healing
outcomes. Two of the outcomes represent a nonunion healing: one is the case when
the cells deactivate or die out before the healing process finishes up and the other is
the case when the tissue cells remain constant but the osteoclasts fail to completely
remove the cartilage. The third outcome represents a successful healing, where
the osteoblasts and osteoclasts are constantly producing and removing the woven
bone. The mathematical analysis also revealed that a success of bone healing is
achieved when the MSCs mitotic rate is less than the osteogenic differentiation rate
and osteoblasts proliferation rate is bigger than their apoptotic rate. Furthermore,
the numerical simulations showed that the phagocytic functions of the immune
system cells strongly regulate the short-term tissue evolution during the healing

process. If the phagocytic rate of the macrophages is diminishing, then less tissue
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Figure 2.13. Tissues evolution in a senile fracture without therapeutic innervation
(solid line) and and with MSCs injection (dashed-dotted line) and with MSCs and
macrophages transplantation (dashed line).

productions is observed over time. Furthermore, that high concentration levels of
pro-inflammatory cytokines negatively affect the healing time of a fracture. It was
also found that the administration of growth factors improve the healing process in
a dose-dependant manner in moderate fractures and always improve the healing in
severe fractures. Furthermore, that the administration of growth factors exhibited
the most improvement treatments during the healing of a broken bone compare
to the anti-inflammatory cytokines administration. In addition, the injection and
transplantation of MSCs and macrophages to the injury site at the beginning of the

healing process accelerate the healing time.
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CHAPTER 3

MODELING THE MACROPHAGE-MEDIATED INFLAMMATION INVOLVED
IN THE BONE FRACTURE HEALING PROCESS

In this chapter, the mathematical model (2.1)-(2.7) is extended to separately
incorporate the two different phenotypes of macrophages: classically and alterna-
tively activated macrophages, as they have distinct functions during the healing
process [10, 43, 48]. Classically activated macrophages release high levels of pro-
inflammatory cytokines, including the TNF-a and IL-1, which exhibit inhibitory
and destructive properties in high concentrations [9, 48]. In contrast, alternatively
activated macrophages are characterized with the secretion of the anti-inflammatory
cytokines, such as the IL-10 and TGF-f, which increase their phagocytic activities,
mitigate the inflammatory responses, promote growth, and accelerate the fracture
healing [10, 29, 31, 48]. This extension leads to a more realistic model by incorpo-
rating the different phagocytic rates and the separate production of the pro- and
anti-inflammatory cytokines by the two types of macrophages [10, 33].

The model can be used to investigate the anti-inflammatory regulatory effects
of the immune system during bone fracture healing. The model can also be used to
investigate potential therapeutic treatments based on the use of anti-inflammatory
cytokines, stem cells, and macrophages, suggesting possible ways to guide clinical

experiments and bone tissue engineering strategies [10, 48].
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3.1 Modeling Assumptions

The modeling assumptions follow the assumptions provided in Chapter 2 with
the incorporation of further details on the macrophages and the pro- and anti-
inflammatory, described below. The macrophages density is modeled separately
as undifferentiated macrophages (M), classical macrophages (M;), and alternative
macrophages (M,). It is also included a generic anti-inflammatory cytokines (cz),
which is delivered by the M, C,,, and Cj. The biological system interactions are
depicted in Figure 3.1. In the flow diagram, the cells and cellular dynamics are
represented by the circular shapes and solid arrows. The molecular concentrations
and their production/decay are represented by the octagonal shapes and dashed
arrows. The pro- and anti-inflammatory cytokines activation/inhibition effects on the
cellular functions are represented by the dotted arrows. Removal of debris and the

negative effect among the variables are represented by the dot-ending dotted arrows.

It is assumed that the cellular functions are regulated by ¢;, such as the TNF-a,
and co, such as a combination of the IL-10 and the TGF-£. It is also assumed that ¢;
is delivered through cell necrosis and by the classically activated macrophages, while
co is delivered by the alternatively activated macrophages, MSCs, and osteoblasts.
It is also assumed that unactivated macrophages M, do not release cytokines and
do not engulf debris. Additionally, the population of M; increases proportionally in
size to the density of debris up to a maximal value of M,,,, [40]. The only source
of activated macrophages, M; and M,, is My. Even though both phenotypes of
activated macrophages have the ability to release both pro- and anti-inflammatory
cytokines, it is assumed that only M; deliver ¢; and M, deliver ¢y, as those are the
major cytokines for each phenotype [39]. M, activate to M; under the ¢; stimulus,

while they activate to My under the ¢y stimulus. M; and M, macrophages do not
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Inflammation Repair

Figure 3.1. Flow diagram of the cellular and molecular dynamics during the inflam-
matory and repair phases of the bone fracture healing process.
de-differentiate back to the My macrophages [63]; and are able to switch phenotypes

at a constant rate [59].

3.2 Model Formulation

The inflammatory and repair phases of the bone fracture healing process are
modeled with a mass-action system of nonlinear ordinary differential equations. All
variables represent homogeneous quantities in a given volume. Following the outlined
biological assumptions and the flow diagram given in Figure 3.1 yields the resulting

system of equations:

dD

% - _RD(kelMl + kGQMQ) (31)
d M
dto = RM - GlMo - G2M0 - doM() (32)
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dM,

o = GiMo+ My — ki My — di M, (3:3)
d;‘f — GyMy + kygMy — gy My — do My (3.4)
% — Hy(koD + kM) — doyer (3.5)
% = Hy(koMs + k3Chy + k4Cy) — doycs (3.6)
% = (R + AnCy) (1 - %) — FRC,, (3.7)
% = AC, (1 - K%bb) + F,Cpy — dyCy (3.8)
dgc = (Pes — GedsMe)Crm — GeaymeChy (3.9)
% = (Pbs — @wamp)Ch. (3.10)

Equation (3.1) describes the rate of change with respect to time of the debris density,
which decreases proportionally to M; and M,. Equation (3.2) describes the rate of
change with respect to time of the undifferentiated macrophages density. It increases
because of migration and decreases by differentiating into M; and M, or by a constant
emigration rate. It is assumed that M, migrate to the injury site proportionally to D

up to a maximal constant rate, k., [1, 25]:

M
RM - kmaz (1 - Mmaa;) D7

where M = My + M; + Ms. The differentiation rates of My into M; and M, are

stimulated by the cytokines accordingly to a Hill Type II equations, respectively [59]:

C1

, )
apr +C1 Qo2 1+ C2

Gy = ko %

Equation (3.3) describes the rate of change with respect to time of M, which increases
when M, activate to M, and M, shift phenotype; and decreases by emigration and
when M shift phenotype. Similarly, Equation (3.4) describes the rate of change with

respect to time of M,. Equations (3.5) and (3.6) describes the rate of change with
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respect to time of ¢; and ¢o. Here, kg, k1, ko, k3, and k4 are the constant rates of
the cytokine productions and d., and d., are the cytokine constant decay rates. The
inhibitory effects of the anti-inflammatory cytokines to the ¢; and ¢y production rates

are modeled by the following functions [59]:

12 22
H, = . Hy= .
a19 + Cy 929 + Co

The equations (3.7)-(3.10) were introduced and described in Section 2.2.

3.3 Qualitative Analysis

The analysis of model is done by finding the equilibria and their corresponding
stability properties. An equilibrium point of the model is denoted by the vector form
E (D, My, My, My, ¢y, c3, Cp, Cy, me, mp) and it is found by setting the right-hand sides
of the equations (3.1)-(3.10) equal to zero [42]. The model has three biologically mean-
ingful equilibria: Ey(0,0,0,0,0,0,0,0,m%,m;.), E1(0,0,0,0,0,¢5,0,Cy, 0, prs/dba),
E»(0,0,0,0,0,¢, Cr, CF,m?, pps/qpa). Their definitions, existence, and corresponding
stability conditions are stated and proved below. The analysis is conducted using
the Jacobian of the system at each equilibrium point, and finding its corresponding
eigenvalues [42, 53].
Theorem 3.3.1. The E(0,0,0,0,0,0,0,0,m} ,m; ) belongs to the set B = {(0,0,0,
0,0,0,0,0,mc,mp) : 0 < me < Pes/Gedy, 0 < mp < Pos/qoa}, which is a local attractor
set of the solution set given by System (3.1)-(3.10) if and only if kp, < d, and

kpp < dp.

Proof of Theorem 3.3.1. The right-hand side functions of System (3.1)-(3.10) are
continuous and bounded, since all model variables and parameters are positive.

Hence, for each initial condition of the system, there is a unique solution [53]. Then,
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as zero is a solution of the System (3.1)-(3.10) and by uniqueness of solution, all the
solutions of the system with positive initial condition are positive [53].

Next, it will be proved that the hyperplane A = {(0,0,0,0,0,0,0,0,m., mp) :
me > 0,mp > 0} is an attractor set of the solutions of the system (3.1)-(3.10). There
are two cases to consider based on the relation between the cells proliferation and
differentiation rates.

First, let us examine the case when k,,, < d,, and k,,, < d;. The Jacobian

matrix J(Ep) is given by the following lower triangular block matrix

JW(E) 0 0
J(Ep) = x  J(Ey) 0 ,
0 s Jy(Ey)
where
0 0 0 0
T (Eo) = kmaz —do O 0 - —dy — k12 ko1
0 0 Jy, O K12 —dy — ko

k?[) 0 * _dcl

_dCQ k3 k4
Jo(Ey) = 0 —dm+Fkpm 0 , J3(Eo) =
00
0 dm —dy, + kpp

Therefore the corresponding characteristic polynomial associated with J(Ej) is given

by the product of the characteristic polynomials associated with each submatrix [52]:
PA) = XA +do) N+ dey) N+ dey) N+ do — k) N+ diy — k) (A + aX +b),

where a = dy + dy + k1o + ko1 and b = kjads + koydy + dids. The polynomial factor

of order two of p(\) has the following two roots: (—a £+ va? — 4b)/2, which are
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negative since a® — 4b = (dy — dy + k1o — ko1)? + 4k12ks; > 0 and b > 0. Therefore,
the eigenvalues of J(Ey) are negative for the variables My, M, My, ¢1, ¢a, Cpp,, and
Cy, and are equal to zero for D, m,., and my. Since D'(t) < 0 for all the variables
in the system (3.1)-(3.10) and (D*,0,0,0,0,0,0,0,m.,mp) with D* # 0 is not an
equilibrium point, then the solutions of the system (3.1)-(3.8) are attracted to the set
A ={(0,0,0,0,0,0,0,0,m¢, mp) : m. > 0,my, > 0}. Equations (3.9) and (3.10) imply
that m/ <0 and my, <0 for all m. > pes/qea, and my > pps/qpa. Therefore, the set B
is a local attractor set of A [53].

Next, let us consider the case when k,,, = d,,, and d; = k,;,. Here, the eigenvalues
of J(Ep) are the same as above except those associated with C,, and Cj, which are
equal to zero. Therefore, in this case, by considering the second order approximations
of the right hand sides of Equations (3.7) and (3.8), instead of just the first order
approximations, and using similar arguments as above, proves that the set B is a

local attractor set of A. O

Theorem 3.3.2. The equilibrium E1(0,0,0,0,0,c3,0,Cy, 0, pes/qea), where

Ci = Ki(1 = do/k), & = am(~1+ /14 4kiCy, [azd., ) /2,

exits when ky, > dy and is locally stable if and only if dp, > kpp,.

Proof of Theorem 3.3.2. The Jacobian matrix corresponding to the point Fj is given

by the following lower triangular block matrix:

Ji(Ey) 0 0
J(Ey) = x (B 0 ,
0 * J3(E)
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where

0 0 0 0

kmarz —do— G5 0 0

Ji(Ey) = ,

0 * Ji 0

k’OHi< O * _dcl

_dc2< n agzilc;) ks H ks H
Jo(Fs) = 0 —~dp + kpm 0 :
0 dp, dy — kpp
—~Geay Kip(1 — 12 0
By = | e 0y |
0 ~@aKin(1 = %)
G = aﬁ‘;ﬁ;, H} = al‘;ljcg, H; = a;;zfcg and Jq; is defined as in Theorem 3.3.1. Since

all the eigenvalues of Jy; are negative (Theorem 3.3.1) and d,, — kpm, > 0 and ky, > dp,
then the eigenvalues of J(E)) are negative except the eigenvalues associated with D
and C,, when k,,, = d,,, which are equal to zero. Therefore, F; is a locally stable
node, since D’ < 0 for all the variables of the system (3.1)-(3.10) and C], < 0 when

Ky = . O

Theorem 3.3.3. The equilibrium E5(0,0,0,0,0,c, Ck, Crome, pes/qva) is locally sta-
ble if and only if kyy > d,,, where C}, = Kip(1 — din/kpm), Cf = Kp(kpy — dpy +
\/<ka — db)2 —|— 4kpbdmcy*n/Klb )/Qkpb, C; = agg(—1+\/1 —f- 4(1{330;;1 + k4C§)/a22d52 )/2,

and m}; = pesCr, [ (qear Oy, + ea2Cy).-

Proof of Theorem 3.3.3. The Jacobian matrix corresponding to the point Fs is given

by the following lower triangular block matrix:

J(E) 0 0
J(EQ) = * JQ(EQ) 0 )
0 * J3(Es)
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where J;(E») has the same expression as J;(£)) defined in Theorem 3.3.2, but with

the steady state variables defined by Theorem 3.3.3 and

—d,, (1 v —+) ey H ko H
Jo(Er) = 0 A — kb 0 )
0 Ao =y (dy = )2 - 422

—(qc C:n_QC Cy 0
J3<E2) _ dy d2~p ,

0 —@aCy

G = 2% Hf = 92, Hj = %2 and Jy; is defined in Theorem 3.3.1. Since all
the eigenvalues of Ji; are negative (Theorem 2.3.1) and ky,,, > d,,,, and all equilibrium
variables and parameter values are positive, then all the eigenvalues of J;(Es), Jo(E>),

J3(Esy) are negative except for the eigenvalue associated to D which is equal to zero.

Therefore, since D' < 0 for all the variable system, then E, is locally stable. O

In summary, the mathematical analysis of Model (3.1)-(3.10) revels that the
number of equilibria and their corresponding existence and stability conditions are

the same as Model (2.1)-(2.7), with the appropriate set of variables.

3.4 Numerical Results

The proposed new model (3.1)-(3.10) is used to study the importance of
macrophages during the inflammatory and repair phases of the bone fracture healing
process. First, a set of numerical simulation results is presented to compare the
models (2.1)-(2.7) and (3.1)-(3.1). Second, a set of numerical simulations is performed
to analyze the effects of different concentrations of anti-inflammatory cytokines on

the fracture healing under numerous pathological conditions.
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3.4.1 Comparison of Model (2.1)-(2.7) and Model (3.1)-(3.10)

The model (2.1)-(2.7) takes into account the regulatory effects of the immune
system given by its phagocytes, M, and their released pro-inflammatory cytokines,
¢1. The present mathematical model (3.1)-(3.10) extend the model (2.1)-(2.7) by
incorporating the ability of the immune system to regulate the inflammation by its
anti-inflammatory cytokines, ¢y, production. Therefore, the two different phenotypes
of macrophages M; and M, were separately incorporated in the model as ¢; is mainly
delivery by M; and ¢, is mainly delivered by the M,. The models (2.1)-(2.7) and
(3.1)-(3.10) are compared to demonstrate the importance of the immune system as
inflammatory-mediators involved in the bone fracture healing process. The same
parameter values are used in both models (Table 5.1), with k., = 1, k., = 2, ko1 = 0.55,

kor = 0.55, ko1 = 0.55x 107, ky = 8 x 1075, gy = 5x 1078, and dy; = 0.121.  Figure
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Figure 3.2. Comparison of tissues evolution in Model (2.1) - (2.7) and Model (3.1) -
(3.10).
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3.2 shows the numerical evolutions of the tissues’ production when D(0) =5 x 107.
In all simulations, we refer to fibrocartilage and woven bone as cartilage and bone,
respectively. More cartilage production m, and less bone production my, is observed
when the ¢, is not incorporated, model (2.1)-(2.7). Moreover, the model (3.1)-(3.10)
is much more realistic as the m; production is observed in the first week according to

the experimental data.

3.4.2 Importance of macrophages during the bone fracture healing process

In this section, the mathematical model is used to investigate the regulatory
effects of macrophages through their two phenotypes, M; and M,, which deliver
separately the pro- and anti-inflammatory cytokines. Therefore, the values of the
parameters k;, representing the secretion rates of ¢; by M;, i = 1,2, are varied in the

numerical simulations as compared to their base values from Table 5.1.

o
©

o
(=2
T

o
N
T

o
N
T

— bk =83x1074 ky =3.72x 107 a
me-k1 =0,k =0
0 2 4 6 8 10 12 14 16 18 20

Cartilage (g/mL)

I I I I
—k =83x107% ky =3.72 x 10~*
-k =0,kb=0 | T

Figure 3.3. Tissues evolution when macrophages contribute to the healing process
(solid line), k1, ko # 0, and when they do not contribute to the healing process (dashed
line), kl = k’g =0.
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Figure 3.4. Tissues evolution when the alternatively activated macrophages, Ms, do
not contribute to the healing process (dashed line), ky = 0, and when the classically
activated macrophages, M7, do not contribute to the healing process (dotted line),

ky = 0.

Figure 3.3 shows that macrophages have a drastic effect on the short-term tissue
dynamics during the healing process. In the presence of M; and M, fibrocartilage
formation experiences an additional steady increase during the second week and
beyond, while woven bone barely increases its density in the second week. The
simulations presented in Figure 3.4 demonstrate the individual effects of the different
phenotypes of macrophages and show that the alternatively activated macrophages
M, have a more dominant contribution to the tissues production as compared to the

classically activated macrophages M;.

3.4.3 Immune-modulation therapeutic treatments of bone fractures
Treatments based on anti-inflammatory cytokines, such as the cytokine-specific

agents that block the pro-inflammatory cytokines productions, have exhibited promis-
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ing clinical results and have led to intense orthopedic research activities [9, 16, 18,
29, 38, 44, 49, 62]. In this section, a set of numerical simulations is presented to
investigate the effect of the administrations of anti-inflammatory cytokines during the
bone fracture healing process in healthy individuals and also in immune-compromised
patients.

In healthy individuals, the administration of anti-inflammatory drugs is imple-
mented for simple, two moderate, and severe fractures: D(0) = 5x10%, D(0) = 2x107,
D(0) =5 x 107, and D(0) = 5 x 108, respectively. First, the administration of anti-
inflammatory cytokines is done by increasing the initial concentration of ¢y: ¢2(0) = 0,
10 and 100 ng/mL. Second, anti-inflammatory cytokines is continuously administrate.
It is modeled by increasing the anti-inflammatory cytokines production rate of the

My, ie., kg =3.72x 107*, 2 x 3.72 x 107, 6 x 3.72 x 107* ng/mL.

I T
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R0
0 | |
0 2 4

Figure 3.5. Tissues evolution in a simple fracture under different initial anti-
inflammatory cytokines concentrations, D(0) = 5 x 10°.
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Figure 3.6. Tissues evolution in a moderate fracture under different initial anti-
inflammatory cytokines concentrations, D(0) =5 x 107.
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Figure 3.7. Tissues evolution in a severe fracture under different initial anti-
inflammatory cytokines concentrations D(0) = 5 x 10%.

Figure 3.5 shows that in the simple fracture the administration of anti- in-

flammatory drugs at the beginning of the healing process inhibits the two tissue’s
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production. Figures 3.6 shows that the administration of ¢y at the beginning of the
healing process in a moderate fractures, D(0) =5 x 107, does not lead to any drastic
change in the two tissue’s production. Figures 3.7 shows that the administration of
¢y at the beginning of the healing process in the severe fractures, D(0) = 5 x 10%,
enhances the production of bone, while the cartilage production does not experience

any change.
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Figure 3.8. Tissues evolution in a simple fracture under a continuous administration
of anti-inflammatory cytokines: ky = 3.72 x 10™* (solid line), ky = 2 x 3.72 x 1074
(dotted-dashed line), ky = 6 x 3.72 x 10~* (dashed line).

Figure 3.8 shows that in the simple fracture the continuous administration of
anti-inflammatory drugs drastically inhibit the two tissue’s production. Figures 3.9
shows that the excessive administration of ¢y in a moderate fractures D(0) = 2 x 107
inhibit the two tissue’s production. Figures 3.10 shows that the administration of ¢,
in the moderate fractures with D(0) = 5 x 107 improves the bone tissue evolution

while enhance a fast removal of the cartilage tissue. Figures 3.11 shows that the
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administration of ¢y in the severe fractures enhances the production of bone, while
the cartilage production does not change at all. Therefore, the administration of
anti-inflammatory cytokines, co, has a negative effect in simple fracture, improves
the tissue evolution in moderate fractures in a dose-dependent manner, and always
improve the tissues evolution in severe fractures. In all the cases, the best anti-
inflammatory administration strategy is the continuous administration rather than
one administration at the begging of the healing process.

Next, the model is used to implement the administration of anti-inflammatory
drugs under different pathological conditions. First, the following parameter values
are used: ke, = ke, = 0.5 and k; = 9 x 1073 to simulate bone fracture healing in
aging individuals, since in this case, the macrophages phagocytic rate decreases and
there is an increase of pro-inflammatory cytokine synthesis by M; [19, 31]. Second,

ki =9%x1073, kym = 0.2, d,, = 0.5, ky, = 0.16, and d, = 0.15 are used to simulate the

T T
—ky=3.72 x 107*
=ik =2 % 3.72 x 1074
---ky=6x3.72x10"*

o
o

Cartilage (g/mL)
<) o
l\‘i »

o
o
n
B
o
co
-
o
-
)
—-
IS
o
-
co
n
o

T
05—k, =372 x 1074
= 04l m = ke =2x372x1074

E l---k=6x3.72x10"
o0 0.3 |
g 0.2~ b
Q
A 0.1 4
0 L 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Days
Figure 3.9. Tissues evolution in a moderate fracture, D(0) = 2 x 107 under a

continuous administration of anti-inflammatory cytokines: k, = 3.72 x 10~* (solid
line), ky = 2 x 3.72 x 10~* (dotted-dashed line), ky = 6 x 3.72 x 10™* (dashed line).
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Figure 3.11. Tissues evolution in a severe fracture under a continuous administration
of anti-inflammatory cytokines: ky = 3.72 x 107 (solid line), ky = 2 x 3.72 x 104
(dotted-dashed line), ky = 6 x 3.72 x 10~* (dashed line).
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healing process for a senile osteoporotic fracture, since in this case a high level of pro-
inflammatory cytokines is observed and the MSCs and osteoblast functions decrease
[31]. In both cases the the administration of anti-inflammatory drugs is modeled by
increasing the anti-inflammatory cytokines production rate given by My, ks. Figure
3.12 and 3.13 show that the administration of anti-inflammatory cytokines under the

above two different pathological conditions always improve tissue’s productions.

=== - ot i e e S
3 0.8F : |
g
006 |
£ 0.4 i
=5 — k=372 x 10"
= — k= B
= 02r k=2 372107
O sk =6x3.72x10
0 | | | |
0 2 4 6 8 10 12 14 16 18 20
0.25; ‘ = ] x ] \ —
B —k =372 x10" 2
ol =2 %372 x 107 .- |
= 020k —6x372x10 e -
50151 e et
@ 0 et T e
3 B
A 0.05 Ceeet T e
0 i j eomooEs o= 0
0 2 4 6 8 10 12 14 16 18 20

Days

Figure 3.12. Tissues evolution in an advanced age fracture under different anti-
inflammatory cytokines concentration.

3.5 Summary of the Results

In this chapter a new mathematical model was introduced to mathematically
and numerically study the macrophage-mediated inflammation involved in the early
stages of the bone fracture healing process: inflammatory and repair phases. The

new model is an extension of the model developed in Chapter 2. Classically and
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Figure 3.13. Tissues evolution in a senile osteoporotic fracture under different anti-
inflammatory cytokines concentrations.

alternatively activated macrophages were incorporated in the model to study their
capabilities to modulate and resolve the inflammation through their delivered pro-
and anti-inflammatory cytokines. The resolution of the inflammation was assumed to
be initiated with the activation of the macrophages into their classical phenotype.
The classically activated macrophages deliver the pro-inflammatory cytokines, such
as TNF-q, as they engulf debris. Then the alternatively activated macrophages,
MSCs, and osteoblasts modulate the inflammation by releasing the anti-inflammatory
cytokines, such as I1.-10 and TGF-3. Finally, the alternatively activated macrophages
remove the remaining debris. The new model also incorporated the different engulfing
rates of activated macrophages, allowing a better understanding of the interplay

between macrophages and tissue cells during the bone fracture healing process.
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The mathematical analysis of Model (3.1)-(3.10) revels that the number of
equilibria and their corresponding existence and stability conditions are the same as
Model (2.1)-(2.7), with the appropriate set of variables.

The new model was used to study numerically the importance of macrophages
during the early stages of tissue productions. It revealed that macrophages significantly
improve the tissue productions with alternatively activated macrophages having the
main affect on the process. Then, the model was also used to monitor the progression
of the healing of a broken bone and to predict its final outcome under different
types of treatments. In particular, the administration of anti-inflammatory drugs to
improve the bone fracture healing process was numerically simulated. It was found
that the administration of anti-inflammatory cytokines fails to accelerate the healing
process in simple fractures, while it accelerates the healing process in moderate
fractures depending on the cytokine concentrations, and always improves the healing
process in severe fractures. Such results have been also clinically observed when
corticosteroids and nonsteroidal anti-inflammatory drugs (NSAIDs) are administered
in bone fractures [38].

Therefore, based on the model findings, the concentration of debris must be
carefully considered when administering anti-inflammatory drugs to enhance the

fracture healing process [23].
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CHAPTER 4

MODELING THE EFFECTS OF THE IMMUNE SYSTEM ON BONE
FRACTURE HEALING

In this chapter the model (3.1)-(3.10) is extended by incorporating the chon-
drocytes and the growth factors. This extension leads to a more realistic model
by incorporating the two distinct functions of MSCs and chondrocytes during the
healing process: chondrocytes synthesize the cartilage [12] and the TGF-4, and MSCs
release the IL-10 but not the TGF-3 [11, 26]. Moreover, the MSCs differentiation into
chondrocytes or osteoblasts is stimulated by growth factors [6, 26, 56]. Furthermore,
this extension allows improvements in modeling the immune system functions during
the bone fracture healing process. Both the immune system and the MSCs modulate
the inflammation [29, 27] by the anti-inflammatory cytokine production 28, 49]. Both
the immune cells, and the osteoblasts and chondrocytes release the growth factors
[11]. Growth factors also suppress the pro-inflammatory cytokine production [1], and

regulate the MSCs differentiation [3, 26].

4.1 Modeling Assumptions

The modeling assumptions follow the assumptions provided in Chapters 2 and
3 with the incorporation of the chondrocytes (C.) and a generic growth factor (c3),
such as the TGF-5. The biological system interactions are depicted in Figure 4.1.
In the flow diagram, the cells and cellular dynamics are represented by the circular
shapes and solid arrows. The molecular concentrations and their production/decay

are represented by the octagonal shapes and dashed arrows. Growth factors, pro- and
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anti-inflammatory cytokines activation/inhibition effects on the cellular functions are
represented by the dotted arrows. Removal of debris and the negative effect among
the variables are represented by the dot-ending dotted arrows. It is assumed that
the chondrocytes are derived from MSCs, proliferate, deposit the fibrocartilage, and
die [12]. C. experience a logistic growth, and hypertrophic chodrocytes (necrotic
chondrocytes) are replaced by osteoblasts [2, 12]. It is assumed that the chondrocyte
replacement is regulated by the growth factor ¢z [2]. Tt is also assume that the c3
activate and regulate the C,, differentiation into C}, and C, [26, 11]. Tt is assume that
the c3 is delivered by alternative activated macrophages, osteoblasts, and chondrocytes
[11]. It is also assume that the anti-inflammatory cytokines ¢, is delivered by the M,

and the C,,, and both ¢y and ¢3 inhibit the ¢; production [1, 29].

Inflammation Repair

Figure 4.1. Flow diagram of the cellular and molecular dynamics during the inflam-
matory and repair phases of the bone fracture healing process.
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4.2 Model Formulation

Following the outlined biological assumptions and the flow diagram given in

Figure 4.1 by using a mass-action system yields the resulting system of equations:

‘ii_lt) — Rp (ke My + ko, M) (4.1)
% = Ry — GiMy — GoMy — doM, (4.2)
% — Gy Mo + ke My — kio My — dy M, (4.3)
% G My + oMy — ke My — dy My (4.4)
dcy

— = Hi(koD + ki) —deyer (4.5)
% — Hy(kaMy + sCin) — doycs (4.6)
% = Hy(k4Cy + ks My + keC,) — dycs (4.7)
dd% = (Rp + AnCy) (1 - %) — F1Cy — B0, (4.8)
dic = AL, (1 — I(é) + F5C,, — F3C, (4.9)
dd_? — AC, (1 - %) + F\Cy, + F5C. — dyC, (4.10)
d;::c = (pcs - QCdlmc>Cc - chgmch (4'11)
% = (pbs - demb)Cb. (4'12)

Equation (4.7) describes the rate of change with respect to time of ¢3. It increases by
the M, C., and C} production and it decreases by degradation. The production of

¢3 is modeled with the following equation [2]:

C3

Hs = .
Cc3 + ass
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Equation (4.9) describes the rate of change with respect to time of C.. It increases
when MSCs differentiate into chondrocytes or when chondrocytes proliferate, and it

decreases by apoptosis. Necrosis of C. is regulated by the ¢; and c3 as follow [2]:

a c
Fy=d, x b x 5
Aepy -+ C1 Qep + C3
Chondrocyte replacement is modeled with the F3C, term, which is incorporated in
the Equation (4.10). The differentiation rates of C,, into C, and C, is activated by

the c3 and regulated by ¢; accordingly to the following functions [2, 27]:

ambl « C3 amcl « Cc3

Flzdmx FZdecX

s .
A, + C1 Amp + C3 Qe + C1 Ame + C3

The differentiation term of C,, into C,, i.e., F5C,,, is also incorporated in the Equation
(4.8). The remaining equations and terms of Model (4.1)-(4.12) are explaining in

Chapters 2 and 3.

4.3 Qualitative Analysis

The analysis of model is done by finding the equilibria and their corresponding
stability properties. An equilibrium point of the model is denoted by the vector
form E (D, My, My, My, ¢1, o, c3, Cy, Ce, Cpyme, my) and it is found by setting the
right-hand sides of the equations (4.8) - (4.12) equal to zero [42]. The model has
eleven equilibria: F(0,0,0,0,0,0,0,0,,0,0,m; ,m; ), £:(0,0,0,0,0,0,0,0,0, K;(1—
dp/kpb), 0, Pos/qea), E2(0,0,0,0,0,0,0,0, K, 0,pcs/qu1,mzo), E5(0,0,0,0,0,0,0,0, K,
Kip(1—dp/kp), m%, pos/qwa), £4(0,0,0,0,0, ¢35, 0, K, 0,0, Mgy mzo), FE5(0,0,0,0,0,c3,
0, Kim, 0, Kip(1 — dy/kpp), 0, pos/qea), £6(0,0,0,0,0,¢3,0, Kip, Kic, 0, pes/qear, mi, ), Er
(0,0,0,0,0,¢,0, Kipm, Kic, Kin(1—=dp/kpp), Mm%, Dbs/qea), £5(0,0,0,0,0,0,c5,0,0, K (1—
dy/kpp), 0, Pos/@oa), E9(0,0,0,0,0,0,¢35,0,Cr, Cy,m?%, pus/qa); E10(0,0,0,0,0, ¢35, ¢5, Cr,

C:a Cl;ka m:7pbs/de)-
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Their definitions, existence, and corresponding stability conditions are stated
and proved below. The analysis is conducted using the Jacobian of the system at

each equilibrium point, and finding its corresponding eigenvalues [42, 53].

Theorem 4.3.1. Suppose that m}, >0, m; >0, c; = a22<—1+\/1 + 4k3 Ky, /aged,, )
/27 cmd m: = pcsch/<qu1ch +ch2Klb(1 - db/kpb)) . Then the EO(Oa 07 07 07 07 07 07 07 07

*
My, s

my, ), £2(0,0,0,0,0,0,0,0, Ki, 0, pes/Gea, , M35, ), and E4(0,0,0,0,0,c5,0, Ky, 0,0,

*
My, s

my, ) exist for all the parameter values, and the E1(0,0,0,0,0,0,0,0,0, Kj(1 —
db/kpb)a 07 pbs/de)y E3<07 07 07 Oa 07 07 07 Oa cha Klb<1 _db/kpb)a m:7pbs/q13d); and E5(O7 Oa
0,0,0,¢5,0, Kim, 0, Kip(1 — dp/kpb), 0, Dos/qva) exist when ky, > dy. Furthermore, the

E;,i=0,1,2,3,4,5, are unstable.

Proof of Theorem 4.3.1. From the hypotheses all the steady state variables of each
E;,1=0,1,2,3,4,5, are non-negative. Hence all of them exist. The Jacobian matrix

of J(E;), 1=0,1,2,3,4,5, is given by the following lower triangular block matrix:

ME) 0 0
J(E;) = * Jo(E;) 0 )
0 * J3(E;)

where Ji(E;) is equal to Ji(Ep) defined in Theorem 3.3.1, J3(E;) is a two by two

triangular matrix, similar to those defined in Chapter 3, and

* 0 % 0 0 * 0 x 0 0
0O« 0 00 0«0 0 O
JoE)=| 0 % kypn 0 0 or J(Ej)=10 % x 0 0
0 «x 0 % 0 0 = 0 ky O
0 0 0 = 0« 0 0 =«

fori=0,1,2,3 and j = 4,5. Hence, Jo(E;), i = 0,1,2,3,4,5 has at least one positive

eigenvalue. Therefore, F; is unstable, for all ¢ = 0, 1,2, 3,4, 5 [42]. ]
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Theorem 4.3.2. The Eg(0,0,0,0,0,c5,0, Kim, Kic, 0, pes/Gear, m5,) , where c; =

as(—1+ \/1 + 4k3 Ky /aged,, ) /2 exists for all the parameter values and it belongs to
the set B = {(0,0,0,0,0,0,0,0,0,0, pes/qea,» M) : 0 < myp < Dps/qoa}, which is a local
attractor set of the solution set given by System (4.1)-(4.12) if and only if ky, < dp
and keKje/des < ass.

Proof of Theorem 4.3.2. The proof is similar to the presented proof provided in

Theorem 3.3.1 by using the follow matrices and the corresponding value of c:

J1(Es) 0 0
J(Ep) = x  Jo(B) O :
0 * Jg(EQ)

where J;(F») is equal to Ji(Ey) defined in Theorem 3.3.1, and

—dey (14 222 0 ksHax 0 0
0 —dc3 + k‘GKlC/CL33 0 0 0
Jo(Er) = 0 % Ky O 0 ,
0 * 0 —kep 0
0 * 0 0 —db + kpb
_QCdl ch O
J3(Es) =
0 0

O

Theorem 4.3.3. The E7(0,0,0,0,0,c5,0, Ky, Kic, Cyym, bos/qea), where Cf = Kjp(1—

dp/kp), and c5 = axn(—1+ \/1 + 4ks Ky [ ag2d., ) /2 exists when ky, > dp and it is
stable when (ksCj + ke K).)/dey > ass.
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Proof of Theorem 4.3.3. The proof is similar to the proof presented in Theorem 3.3.2

by using the bellow matrix:

~dey (14 552) 0 ksHy 0 0
kaCF +ke K
0 —d,, + PGk g 0
Jo(E7) = 0 * —kpm 0 0
0 * 0 —k. 0
O * O 0 —db —|— kpb

O]
Theorem 4.3.4. The E3(0,0,0,0,0,0,c5,0,0,C5,0,pbs/qa), where Cf = Kp(1 —
dp/kp), ¢ = ksCf/dey — ags exists when ky, > dy and kyCf /de, > ass. Further-
more, Eg is stable if and only if dy, > kpp, dc > kpe, and ¢ > maz{ampkpm/(dm —
Kipm): Acvkipe/ (de = Fpe) }-
Proof of Theorem 4.3.4. The proof is similar to the proof given in Theorem 3.3.2 by

using the bellow matrix:

dCQ O k,?, O 0
0 de, <C§Cf’j33> 0 0 *
J(Es)=|[ 0 0 K — F 0 0 :
0 0 Ey kpe — F§ 0
0 0 Ey Fy —dp + kpp
where F7* are values of the function F; at c3, i = 1,2, 3. O]

We were not be able to determine the stability conditions for the equilibria Ey
and Ejy due to the complexity on the Jacobian Matrices given by c3 # 0. However
in Section 4.5 the model (4.1)-(4.12) is simplified by only consider the interaction

among the c3, C),, Cy. These model simplification leads a better understanding on the
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regulatory effects of c3 during bone fracture repair, and allows to study the stability
conditions for the equilibria when c3 # 0 and at least two forming cells, i.e. C,,, C, or
Cy, are not zero, that are similar to the states of Fy and E;y. Table 4.3 summarizes

the existence and stability conditions for the equilibrium F;, ¢ = 0,...,8, of Model

(4.1)-(4.12).
Equilibria Existence Stability
Eo,--+ E5  mg,my >0 unstable
Eg always kpp < dp, keKic/dey < ass
FEr k‘pb > db /{,‘40{: + kGch/dC3 > a33
Ey kpy > dp, ¢t > max{ampkpm/ (dm — kpm),
kaCy /dey > ass aevkipe/ (de — kpe) }

The steady-states Ey and F, exist when the two tissue densities are non-negative

*

values, i.e., my,

my > 0. These equilibria represent a nonunion healing. Since in
both cases, the inflammation is resolved since the first five entries of £y and E, are
zero; however, the repair process has failed since the chondrocytes, osteoblasts, and
osteoclasts have died out before the beginning of the remodeling process. Hence,
the tissue densities, m; and my , can be any two positive values smaller than their
maximal densities, pes/qeq1 and pps/qpa, respectively (see Theorem 4.3.1).

The steady-states F;, Fs, and Eg exist when the proliferation rate of the
osteoblasts is bigger than their differentiation rate, i.e., ky, > dp (see Theorems 4.3.1
and 4.3.4). Furthermore, it is also required that the growth factor production rate
over the growth factor degradation rate is bigger than the half saturation of the
growth factor, i.e., kyCy /d., > as3, for the existence of Eg, and m; ,m; > 0 for the
existence of E; and E5. The three equilibria, F, Fs5, and Eg, represent potential

successful outcomes of the bone fracture healing process. Since in these cases, the

inflammation is resolved, the fibrocartilage is completely removed from the repair
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site, and the woven bone has achieved its maximal density. However in the equilibria
E; and Fs5 the growth factor concentration are degraded completely, while in Fg it
remains in a positive concentration. Since in healthy individuals, the concentration of
growth factors within the bone is positive [2], the steady-state F; and Ej represent
an unsuccessful repair, while the Fg represents a successful outcome. According to
the stability condition of Eg, a broken bone with positive osteoblast and growth
factor densities, will eventually evolve to a successful healing outcome, i.e., Eg, when
the differentiation rate of the MSCs into the osteoblasts is bigger than the MSCs
proliferation rate, i.e., d,, > kp,, and the apoptotic rate of the chondrocytes is bigger
than chondrocyte proliferation rate, i.e., d. > k., and the growth factor concentration
is above to the concentration quantity: max{amkpm/(dm — kpm), Gcvkpe/(de — Kpe) }-

The steady-states Fy exists when m; > 0, and Eg exists for all parameter
values (see Theorems 4.3.1 and 4.3.2). These two equilibria represent a nonunion
healing. Since in both cases, the inflammation is resolved; however, the repair process
has failed since the osteoblasts, and osteoclasts have died out before the beginning of
the remodeling process, and the chondrocyte has achieved its maximal density. Hence,
the woven bone density, m; , can be any positive values smaller than their maximal
densities, pps/qpa, and the fibrocartilage achieves its maximal density, pes/qed1-

The equilibria E3, Er, Eg, and Fq represent delayed union or no-union outcomes.
Since in this case the inflammation is resolved; however the osteoblasts and hence the
osteoclasts have fail to remove the cartilage density. Furthermore, these equilibria
describe the endochondral ossification, where both the fibrocartilage and woven bone

are constantly produced by the chondrocytes and osteoblasts, respectively.
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4.4  Numerical Results

The proposed new model (4.1)-(4.12) is used to study the importance of
macrophages during the inflammatory and repair phases of the bone fracture healing
process, which occur within the first 21 days after trauma [27, 64]. Tt is also used to
investigate the evolution of a broken bone under normal and pathological conditions
and to investigate the effects of different concentrations of growth factors on the

fracture healing under numerous pathological conditions.

4.4.1 Comparison of Model (4.1)-(4.12) with existing models

Several mathematical models have been developed to have a better understand-
ing of the bone fracture healing process. However, none of them have incorporated
the debris density and the immune system functions during the the bone fracture
healing process [13, 32]. In this section the model (4.1)-(4.12) is used to demonstrate
the importance of the immune system during the inflammatory and repair phases of
bone fracture healing process.

First, to demonstrate the importance of the immune system during the bone
fracture healing process the initial conditions of the model (4.1)-(4.12) for the debris
density is set to D(0) = 0 and D(0) = 5 x 107. When D(0) = 0, the model (4.1)-(4.12)
does not incorporate the immune system variables: macrophages and their synthesized
molecular factors. Hence the model (4.1)-(4.12) is reduced to the proposed model
developed in [2].

Figure 4.2 shows the numerical evolutions of the tissues’ production for the
Model (4.1)-(4.12) when D(0) = 0 (dashed lines) and when D(0) = 5 x 107 (solid
lines), with both C,,(0) = 1000, c3(0) = 20, and the other initial conditions are
set to be equal to zero. The production of cartilage m. and bone m,; given by the

present model with D(0) = 5 x 107 is much more realistic than the production given
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by the same model with D(0) = 0, since, according to the experimental data, the
cartilage production peaks to its maximal density about 10-12 days after trauma and

a significant bone tissue production is observed after the second week [45].
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Figure 4.2. Comparison of tissues evolution for Model (4.1)-(4.12) when the immune
system and debris are modeled (solid lines) and when the immune system and debris
are not modeled (dashed lines).

Second, the models (3.1)-(3.10) and (4.1)-(4.12) are compared, both models
incorporate the immune system functions during the bone fracture healing process.
However, the model (4.1)-(4.12) carefully incorporate the ¢z and the C., where c3
activate and direct the differentiation of C), into Cj, and C,.. Furthermore, C.
synthesize the m.. In addition, the incorporation of c3 allows to carefully model the
immune system molecular productions during the bone repair process: the pro- and
anti-inflammatory cytokines, and growth factors. The same parameter values are

used in both models (Table 5.1).
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Figure 4.3. Comparison of tissues evolution in Model (3.1)-(3.10) and Model (4.1)-
(4.12).

Figure 4.3 shows the numerical evolution of the tissues’ production of the
two compared models. There is less and slower fibrocartilage formation in model
(4.1)-(4.12) than in Model (3.1)-(3.10). In model (4.1)-(4.12), there is more bone
tissue production after the first week, than in Model (3.1)-(3.10). Therefore, the

model (4.1)-(4.12) reveals that the chondrocytes formation is also a slow process.

4.4.2 Importance of macrophages during the bone fracture healing process

In this section, the mathematical model is used to investigate the effects of
macrophages during the inflammatory and repair phases of the bone fracture healing
process. The major contribution of macrophages to fracture healing is through their
phagocytic capabilities and from their delivered molecular factors: pro and anti-

inflammatory cytokines and the TFG-/ at the repair site. Therefore, the values of
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the parameters k;, representing the secretion rates of ¢; by M;, i = 1,25, are varied

in the numerical simulations as compared to their base values from Table 5.1.
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Figure 4.4. Tissues evolution when macrophages contribute to the healing process
(solid line), ke = 0.015, and when they do not contribute to the healing process
(dashed line), kyqe = 0.

Figure 4.4 shows that macrophages determine the successful fracture healing
outcome. In the absence of macrophages there is no woven bone formation, while
only fibrocartilage formation is observed. Furthermore, the fibrocartilage experiences
an additional steady, doubling its density after the second week and beyond. Figure
4.5 shows that macrophages have a drastic effect on the short-term tissue dynamics
during the healing process. In the presence of M; and M, fibrocartilage formation is
less than doubles in about 1 week, while woven bone experiences an additional steady
increase during the same period and beyond. The simulations presented in Figure 4.6

demonstrate the individual effects of the different phenotypes of macrophages and show
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(dashed line), k; = ko = k5 = 0.

that the alternatively activated macrophages M, have a more dominant contribution

to the tissues production as compared to the classically activated macrophages Mj.

4.4.3 Administration of anti-inflammatory cytokines and growth factors during the
healing of a broken bone

Treatments based on growth factors have exhibited promising clinical results
to enhance bone fracture healing process [9, 16, 18, 29, 38, 44, 62, 49]. In this
section, a set of numerical simulations is presented to investigate the effect of the
administrations of growth factors during the healing process in healthy individuals.
In healthy individuals, the administration of growth factor drugs is implemented for
a moderate and severe fractures, D(0) =5 x 107 and D(0) =5 x 108, respectively.

Figure 4.7 shows that the administration of ¢, in the severe fractures poorly

enhance the bone production while the cartilage production does not change. Similar
66



—_

I I I I I I
—k =83x107% ky =3.72x 1073, ks =7 x 1073
===k =0, ky =3.72 % 1073, ks =7 X 1073
‘‘‘‘‘ B =83x10% ky=0,k;=0

Cartilage (g/mL)
o
o

20

‘ ‘ ‘ ‘ ‘ ‘ . . =
. S [—— 107, &y = 3.72 x 1073, ks = 7 x 1073
g mmeky =0,k =3.72%x 107 ks =7 x 1073
F04H - -k =83x10"4 kp =0,k =0 .
=0
2 0.2F L
g -
M PROe

0 i L N i It

0 2 4 6 8 10 12 14 16 18 20

Days
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Figure 4.7. Tissues evolution in a severe fracture

cytokines administration, D(0) =5 x 108,

67

under different anti-inflammatory



0.8

I T

3 |[—Kka=7x10"
EOBI__o7w10| T
) S O T e e e
o 0.4/ - - k=87x10" B eI I
E. e
.4: L "."’ .|
£ 02 e
s A

0 L ikl i i i i i i

0 2 4 6 8 10 12 14 16 18 20

T
—k=7x 10 foo=s

S ooal--keax10® e
o~ -3 R
0 ==k =8x7x10 -
Q
5 02-
A

0 i i PP Ttk I I I I i i

0 2 4 6 8 10 12 14 16 18 20

Days

Figure 4.8. Tissues evolution in a moderate fracture under different growth factor

concentration, D(0) =5 x 10.

L R A e e —
L s T e i i el
Eos k=107 |
g e - - -k=27x 107

0.41 i

= - k87X 107
2 02F e
O

0 | | | | | | | | |

0 2 4 6 8 10 12 14 16 18 20

0.5 1 —
—k=7x 1073 P

30.4* 5 et |
2 |- -k=27x107° e
= 0.3} 3 ‘\"—\’ -
80|k =8"7x 10 s T
g 0.2 "—‘_,.ﬂ'\' —’____—" B
s} e .-
M 0.4 e S S 1

0 L o DD P T L w-_- T i i i i

0 2 4 6 8 10 12 14 16 18 20

Days

Figure 4.9. Tissues evolution in a severe fracture under different growth factor

concentration, D(0) =5 x 108.

68



results were obtained for a small and moderate fractures under the administration of
co. Figure 4.8 shows that the administration of ¢3 in a moderate fracture slows down
the cartilage productions and improves the bone evolution but in a dose-dependent
manner. Figure 4.9 shows that the administration of ¢z in a severe fracture improves

the bone tissue production and barely stimulate the removal of the cartilage.

4.5 Mechanism of the Osteogenic Cell Differentiation

In this section the Model (4.1)-(4.12) is reduced by considering only the dynamics
among the mesenchymal stem cells (C,), osteoblasts (C}), and the transforming
growth factor-g (c3). This model simplification leads to have a better understanding
of the regulatory effects of the c3 directing the differentiation of the C, into C,. The

modeling reduction is as follow:

dC,, Cm

dCb Cb

— =k 1—— d —d 4.14
o Ch ( Kzz)) + dpc3Chry — dpCyy (4.14)
dce

d—: = kyCy — dgycs, (4.15)

where the differentiation rate of the (), into C}, is modeled with a linear function with
respect to cs, i.e., F1 = d,,c3, and the c3 production rate is modeled with a constant

rate, i.e., Hy = ky.

4.5.1 Qualitative Analysis

The analysis of model (4.13)-(4.15) is done by finding the equilibria and their
corresponding stability properties. An equilibrium point of the model is denoted
by the vector form E(C,Cf, %) and it is found by setting the right-hand sides

of the equations (4.13)-(4.15) equal to zero [42]. The model has four biologically
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meaningful equilibria: £y(0,0,0), E1(Ki,0,0), Ex(0,Cy, c3), and E3(C;,., Cy, c33).
Their definitions, existence, and corresponding stability conditions are described in
the following theorems. The existence of each equilibrium point arises from the fact
that all biologically meaningful variables are nonnegative, and their stability analysis
is conducted using the Jacobian of the system at each equilibrium point and finding

its corresponding eigenvalues [42, 60]. Table 4.1 summarizes the equilibria and their

corresponding stability conditions.

Table 4.1. Existence and stability conditions for the equilibrium points.

Equilibrium Points Existence Conditions Local Stability
Ey(0,0,0) always unstable
E1(Kim, 0,0) always dy > kpp + sz%’;‘
E»(0, 0;:27 C32) dy < kpp dy < kpp (1 - dIZ)Z4ClIC{3;b>
By(Crys iy o (1= 225 ) < do < by + Kin B2 biby — by > 0

Theorem 4.5.1. The equilibria Fy(0,0,0) exists for all the parameters and it is

unstable.

Proof of Theorem 4.5.1. The elements of Ej are non-negative for all the model pa-
rameters, hence Fj always exists. The Jacobian matrix J(Fy) is given by the following

sub-triangular matrix:

kpm O 0
J(Eo)=| 0 kp—d, O
0 ke —d,
Since the eigenvalue A\¢,, = kpy,, > 0, then Ej is unstable [42]. O

Theorem 4.5.2. The F1(K;,,0,0) exists for all the parameters and is locally stable

Zf dp > kpb + dmk4Klm/d03.
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Proof of Theorem 4.5.2. The F; exists for all the parameters of the model since their

elements are non-negative. The Jacobian matrix J(E;) is as follows:

_kpm 0 _delm
J(El) = 0 kpb —dy  dpy Ky
0 ko —d.,

Hence the characteristic polynomial of J(F}) is given by p(A) = (A+kpm) (A2 +ai A\ +ag),
where a1 = doy + (dp — k) and ag = dey(dy — kpp) — dika K. By hypothesis
dy — kpp > dinks K, /de, > 0 therefore ap > 0 and a; > 0. By the Routh-Hurwitz
criteria, n = 2, the roots of A2 4 a;\ + a¢ are negative or have negative real part.

These imply that E; is locally stable [42]. O

Theorem 4.5.3. The Ey(0,Cy, ;) exists if ky, > dy and it is stable if and only if

/ﬂpb > dp, + d03 kpbkpm/dmk4Klb, where
CZ = Klb(l - db/kpb)a and Cg = ]{40;/d03

Proof of Theorem 4.5.3. By hypothesis k,, > d;, hence C} and cj are positive and

then F is well defined. The Jacobian matrix J(FEs) is given by the following triangular

matrix:
kpm — dm 3 0 0
J(Bs) = A —kpp+dy, 0
0 k4 _d03

Since Ky — din ¢y = (degkppkpm — dmka Ky (kpp — dp)) /deskpy, then, by hypothesis, it
implies that k,, — d,,ci < 0. Hence all the eigenvalues of J(E,) are negative values.

Therefore, Ey is locally stable [42]. O

Theorem 4.5.4. The E3(C

ms3?

Cy., c33) emists if kpy (1 — kpmde, /dmkaKp) < dy <
kpp + Kimdimks/de,, and is defined as follow

Kom (ko dmka(dy — ko) Kpm (dks Koy — db
S pmo [ Vpb P c* = P 4
e A <Klb * kpmdcs 7 bs A dcs " K, ’
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kakpm (ks pp — do dnks N> kpmkipy
* = A prm— pm p .
€33 d03 A < d03 * Klm ’ d03 i KlmKlb

Furthermore, E3 is locally stable if bybs — b3 > 0, is unstable if bibs — b3 < 0, and is

locally a center if biby — by = 0, where by, by, by are defined as follow:

_ oG kG, dnkaCh,

b Kim Ky ey tdey, b3 = de, AC, G,
ko CE - (kpCF d ksCF ko, CF
b — pm m3 ¥4 b5 m ms3 dc dc P b3 )
? K, ( Ky, i de, e | F ey Ky,

Proof of Theorem 4.5.4. For the first statement of the theorem, notice that the
Cr., and Cp. are monotonic functions with respect to the parameter dy. Therefore,
Cry > Cr k(1 — kpmdey /i ks Kp)) = 0, and Gy, > Cf, (kpp + Kindmks/dc,) = 0
for all d, in the interval I = (kpp (1 — kpmdey /dmkaKpp) , kpp+ Kimdimka/d.,). Therefore,
Cn, > 0and Cj, > 0 in I. This also implies that c; > 0 in I. Hence E3 is well
defined and F3 # E;, i = 0,1,2. Next, for the second statement of the theorem, the

Jacobian matrix J(Fj3) is given by the following matrix:

~kpmCity, | K, 0 —dnCih,
J(E3) = dksCidey,  —(kwCi /Ky + dinksCliy [dey)  dinCE,,
O k4 _d03

Hence the polynomial characteristic of J(E3) is given by p(A) = A® 4+ by A% + o\ + b3,
where by, by, and bz are defined in the theorem. From the fact that C};, . > 0 and
Cy, > 0, it can be concluded that each b; > 0, i = 0, 1, 2. Therefore, when 010, —b3 > 0
by Routh-Hurwitz criteria, n = 3, the roots of p(\) are negative or have negative real
part. Hence Fjs is locally stable.

Next, suppose that b1by — b3 < 0, it will be proved that Fs5 is unstable. By the
Descartes’ rule of sign, the polynomial p(A) does not has positive roots, since b; > 0,
i =0, 1,2. Therefore, all the roots of p(\) are negative or complex. If all of them are
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negative, then FEj is stable, and then by Routh-Hurwitz criteria, bybs — b > 0, that
contradicts the hypothesis. Therefore, p(A\) has a negative root, —b, and two complex
conjugate roots, p + iw, since p(\) is of degree three. Notice that b > 0 and p > 0.
Since, if © < 0 then FEj is stable, and then by Routh-Hurwitz criteria biby — b3 > 0.
This also contradicts the hypothesis. Therefore, u > 0, and hence Ej3 is unstable.
Finally, if b1by — b3 = 0, the J(FE3) has one negative root and two purely

imaginary roots given by: —b; and =4i\/by. Therefore, F5 is locally a center. ]

The following corollary provides a sufficient condition to guaranty the stability
of Eg.
Corollary 4.5.5. The E3(C,,, Cy, c3) defined in Theorem 4.5.4 is locally stable when

dmk4 < 9 kpmkpb .
dey =V KK

Proof of Corollary 4.5.5. From the Theorem 4.5.4, it is enough to prove that b;by —

bs > 0. From the definition of each b;, + = 1,2, 3, it follows that

_ CyCmd2 k2 | 20,Crmdegkppkpm | C3d2 k2kpm | 20,C2 dmkakppkpm
biby — bz = deg + KipKim + d2, Kim + deg Kip Kim,
+Cbcmdmk4kpb C,,?;Ldmkz;kf,m + 2Cg1dmk4k'pm + Cl?Cnka,bkp'm (4 16)
K d63K12m Kim Kl2bKlm ’
—|—C’?dc‘°’kib n CoC2,kppk2,, n CodZ, pp 4 C2,deyk2,, n Cmdz, kpm
KIQb Klb Kl2m Klb Klzm Klm ’
Since C,, > 0 and Cj > 0 then
2 1.2 2 1.2
CoCrdi ki 2C,Crdegkppkpm, kpbkpm d: ki
biby — by > — + = d,,CyCry 2 —om )
d03 Klelm Klelm dc3
which from the hypothesis follows that b1b; — b3 > 0. O

The following lemma establishes the number of equilibria of the model (4.13)-
(4.15), and their corresponding stability properties. The proof of the lemma follows

from the Theorems 4.5.1-4.5.4.
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Lemma 4.5.6. The number of equilibria of the model (4.13)-(4.15) and their stability
properties are stated as follow:
1. there are two equilibria given by Ey and Ey when dy > kyy + Kipndinks/de,. In
this case, the Ey is unstable, and Ey is locally stable.
2. there are three equilibria given by Ey, Ey, and Es when ky, < dy < kp, +

Kimdmks/d.,. In this case, the Ey and Ey are unstable, and Es is locally stable

if byby — bg > 0.

3. there are four equilibria given by Ey, Ey, Es, and E5 when kyy, (1 — kpmde, [dmkaKp) <
dy < kpp. In this case, the Ey, Ey, and Es, are unstable, and E3 is locally stable

if biby — b3 > 0.

4. there are three equilibria given by Ey, Ey, Es when dy < kpy (1 — kpmde, /dmkaKip).

In this case, the Ey and E; are unstable, and Es s locally stable.

Notice that from Lemma 4.5.6, the number of equilibria and their corresponding
stability changes as the parameter d, changes. When the stability of an equilibrium
point E* changes in a neighborhood of a parameter u, the parameter p is called
bifurcation, and it is said that the system undergoes to a bifurcation at (E*, p1) [60].
Therefore, the stability of the system (4.13)-(4.15) can be explained by looking at
the bifurcation of each equilibria with respect to the parameter d,. Two cases can be
distinguished: (I) the case when b1by — b3 > 0 and (II) the case when byby — b3 < 0.

For the case I, from the Lemma 4.5.6, there are two values of d, where the
system (4.13)-(4.15) undergoes to a bifurcation: (E1,d;) and (Es,ds), where d; =
kpp + Kimdyka/de, and do = kpy (1 — kpmde, /dmkaKy). Notice that dy exists only
when ky,,d., < d,ksKjp. Figure 4.10 shows the bifurcation diagrams for the steady
state of the variables C}, and C} of the equilibria £ (red lines), 5 (blue lines) and
E; (dark lines). The variables for the Ej are omitted since Ej is unstable for all d,

values. System (4.13)-(4.15) undergoes to a bifurcation at (E,d;), since J(E;) has
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an eigenvalue equal to zero at d, = dy, and Ej is stable when d, > d; (red solid line
from the Figure 4.10), and it is unstable when d, < d; (red dashed line from the
Figure 4.10). Results that follow from Lemma 4.5.6 and from the proof of Theorem
4.5.2. System (4.13)-(4.15) undergoes to a bifurcation at (Fs, ds), since J(FE») has an
eigenvalue equal to zero, when d, = dy, and Es is stable when d;, < do (blue solid line
at the Figure 4.10), and it is unstable when d;, > dy (blue dashed line at the Figure

4.10). Results that follow from Lemma 4.5.6 and from the proof of Theorem 4.5.2.

Figure 4.10. Bifurcation diagram when k,,,d., < d,ksKp and biby — bg > 0: the
y-axes exhibits the steady state for the MSCs and osteoblasts densities, C};, and Cj.
The z-axis correspond to the values of the parameter dj. Solid lines (stable), dashed
lines (unstable). E; exists for all dj, Ey exists when dj, < kyp, and Ej exists when
d; < dy < dy. E; changes stability at d; and E5 changes stability at ds.

For the case II, when b1b; —bs < 0, the stability of E3 changes with respect to d,
where d;, is defined in the interval I = (ky, (1 — kpmdey /dimkaKp) , kpp + Kimdika/de, ).
Let us introduce the concept of Hopf-bifurcation to show that the stability of Fj
changes with respect to d. The system (4.13)-(4.15) undergoes to a Hopf-bifurcation
at (Es,dy), if J(F3) has a purely imaginary eigenvalue at dy,, and the stability of Fj
changes in a neighborhood of d, (the imaginary part of the complex eigenvalue of

J(E3) smoothly crosses the imaginary axes in a neighborhood of d;) [60]. Due to the
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complexity of the of the expressions of E5 and J(Ej3) with respect to dj, for any value of
dp in I, we do not provide a theoretical proof of the existence of the Hopf-bifurcation
at (Es,ds), where ds is a positive root of biby —bs, i.e., biby —b3(d3) = 0. However from
the explicit expression of b1by — b3 given in Equation (4.16) and from the Theorem
4.5.4, it is easy to show that at d3, J(F3) has purely imaginary eigenvalues and the
stability of F3 changes in a neighborhood of d3, as is described below. From the
definition of Fj, the equation biby — b3 defines a polynomial of degree three with
respect to d, when all the parameters are fixed and d; varies in I. Therefore, from
the definition of C};, and Cj,, it follows that Cj,_ (kp + Kindmka/de,) = Kip and
Cy (kpp + Kimdmks/d.,) = 0. Hence, in a neighborhood of ky, + Kjnd,nka/d., the
polynomial b1by — b3 is positive. Therefore, b1by — b3 < 0 and b1by — b3 > 0 in I, which
implies that there exists a value ds of dj, such that (bjby — b3)(ds) = 0. Hence from
Theorem 4.5.4, J(E3) has purely conjugate imaginary eigenvalue at dz. Furthermore,
it is also expected that E3 changes stability near to ds since Fj3 is unstable at d; such
that b1b, — b3 < 0 and FEj3 is stable at d, such that biby — b3 > 0, ensuring that d,
belongs in I, see Theorem 4.5.4. Figure 4.11 shows the bifurcation diagram for the
equilibria Ej3, the plots were obtained from the xpp-auto software, see Appendix for
the codes and parameter values. For these particular set of parameter values, the
system undergoes to a Hopf-bifurcation at two different values of d,, (d, = 0.4078
and d, = 0.4641). Hence E5 changes stability in I, when b0, — b3 < 0.

4.5.2 Numerical simulations

In this subsection a set of numerical simulations is presented to support the
theoretical results. Accordingly to the qualitative analysis of the Model (4.13)-
(4.15), there are four equilibria: Ey, F;, Fs, and E3 where their stability con-

ditions are determined by the bifurcation parameters: di = kp, + Kipndmks/d,,,
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Figure 4.11. Bifurcation diagram when k,,,,d., < d,,,k4Kj, and bi1by — bs < 0 obtained
from xxpp-auto: the y-axes exhibits the steady state for the MSCs and osteoblasts
densities, C, and Cy. The z-axis correspond to the values of the parameter dj,.
Red-solid line (stable), dark-solid line (unstable).

dy = kpp (1 — kppdey /dikaKpp), and ds such that dy < ds < dy and dj is a root of the
polynomial function b1by — ds with respect to dj.

To demonstrate the stability of Fy, d, = 51 and the other parameters are set to
be as the given values from Table 5.1. Since in this case d, = 51 > d; = 50.2202. The
initial conditions are C,,(0) = 1000, Cy,(0) = 1000, and ¢3(0) = 200.  Figure 4.12
shows the qualitative behaviors for the MSCs, osteoblasts, and the TGF-3 densities
of F;. Here, the MSCs maintain a maximum constant density given by its carrying
capacity Kj,, = 1 x 10° while the osteoblasts and growth factor densities decays to
zero over the time.

The stability of F5 is demonstrated using the following parameter values:

dy = 0.1, since then dy = 0.1 < ky, (1 - #2255 ) = 0218 Figure 4.13 shows the
qualitative behaviors of Fy for the MSCs, osteoblasts, and growth factor. Here, the
MSCs density decays to zero over the time, while the osteoblasts and growth factor
maintain a constant density.

The following parameter values are used to show the existence of a Hopf-

bifurcation for the model (4.13)-(4.15): K, =10000, k,, = 0.5, d,,, = 0.1, kyp, =
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Figure 4.12. Cellular and molecular evolution for Fj.

0.2202, Kj; = 10000, d.,=100, k4=0.05. For this case F5 has a Hopf-biufurcation
at d3 = 5.091, approximately. Figure 4.14 shows how the stability of F5 changes as
the parameter d;, changes around ds: (a) when d, = 5, the trajectory solution of the
system does not converge to Ej, it evolves to a limit cycle (boundary of the figure);
(b) when d, = 6, the trajectory solution of the system converges to Fjs.

Figure 4.15 shows the numerical solution for E5, when FEj is stable: d, = 6,
that implies b1by — b3 < 0. Here, the MSCs, osteoblasts, and growth factors densities

remain constantly over time.
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Figure 4.13. Cellular and molecular evolution for Fj.

Figure 4.16 shows the numerical solution for F3, when Fj3 is unstable: d, = 5,

that implies bibs — bg < 0. Here, the densities of MSCs, osteoblasts, and growth

factors oscillate over time.

4.6 Summary of the Results

In this chapter two new mathematical models was introduced to have a better
understanding of the cellular and molecular dynamics occurring during the inflam-
matory and repair phases of bone fracture healing process. The presented Model
(4.1)-(4.12) is a model extension of the model developed in (3.1)-(3.10). Where the
transforming growth factors and the chondrocytes were incorporated to in the new

model. This extension leads a more realistic model by taking into account the growth
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Figure 4.15. Cellular and molecular evolution for E3, when Ej is stable: byby — b3 > 0,
dy = 6, from 0 to 10000 days.
factor stimuli in the MSCs differentiation, and also to separately model the molecular
production by the different types of cells. Particularly, the three main molecular
production given by the immune cells: the pro- and anti-inflammatory cytokines,
and growth factors was carefully modeled. Hence, allowing to gain a greater degree
of understanding of the immune system functions during the bone fracture healing
process.

The quality analysis of the model showed that the incorporation of c3 and C, is a
more realistic model, as several new equilibria of the bone fracture healing were found.
The set of equilibria of the new model, Model (4.1)-(4.1), includes the equilibria

obtained in the two previous models, Models (2.1)-(2.1) and (3.1)-(3.1), and other
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Figure 4.16. Cellular and molecular evolution for F3, when FEj3 is unstable: d, = 4,
bibs — b < 0, from 8900 to 9000 days.

steady-states that captures the endochondral and osteogenic ossification outcomes:
Es, E3, E;, Ey, E1g. These new equilibria represent nonunion or delayed union,
since in all these cases, the osteoclasts fail to completely remove the fibrocartilage.
Furthermore, base on the qualitative analyzes of the new model, to observe a successful
healing outcome, that is given by the equilibrium FEj, it requires not only the stability
conditions founded in the previous model, but also it requires a minimal concentration
of growth factor to secure the successful repair. Therefore, to observe a successful
healing outcome, Eg, three conditions must be satisfied: (1) the differentiation rate
of the MSCs into the osteoblasts is bigger than the osteoblast proliferation rate, i.e.,

dy, > Ky, (2) the apoptotic rate of the chondrocytes is bigger than the chondrocyte
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proliferation rate, i.e., d. > k., (3) the growth factor production rate over the growth
factor degradation rate is bigger than the half saturation of the growth factor, i.e.,
ksCy/de, > ass, and (4) the growth factor concentration is above to the concentration
quantity: max{ampkpm/(dm — kpm); @evkpe/(de — kpe) }. These mathematical condition
finding confirm the numerical results provided in [2], where the authors hypothesized
that there is a minimal concentration of growth factors to secure the healing of a
broken bone.

Furthermore, a new model was introduced, Model (4.13)-(4.15) to have a
better understanding of the regulatory effect of the growth factors during the MSCs
differentiation. Model (4.13)-(4.15) is a model reduction of Model (4.13)-(4.15) and
the model introduced in [2], where only the interaction among the MSCs, osteoblasts,
and growth factors are taking into account. The mathematical analysis of Model
(4.13)-(4.15) exhibited that the stability of the equilibria, nonunion or delayed union
healing outcomes, may change as the parameter values change. These results may
justify the different pathological outcomes of bone fracture healing process, where
unsuccessful and chronic bone healing are observed. Therefore, the stability conditions
of each outcome of the new model can be used to biologically explain why the fracture
healing fails, and to design therapeutic interventions to stimulate or accelerate the
healing process.

Similar numerical results were also obtained when the administration of growth
factors and cytokines are implemented to promote the repair of a broken bone. The
administration of anti-inflammatory cytokines and growth factors fails to accelerate
the healing process in simple fractures, while it accelerates the healing process in
moderate fractures depending on the molecular concentrations, and always improves

the healing process in severe fractures. Furthermore, the numerical results suggested
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that the administration of growth factors is the most promising therapeutic treatments

to enhance bone formation.
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CHAPTER 5
CONCLUSION AND FUTURE WORK

Several mathematical and computational models have been recently developed
for modeling the bone fracture healing process. However, none of them have considered
the immune system functions during the healing process [13, 32]. In this work, new
mathematical models were introduced that carefully incorporate the immune system
role in bone fracture healing. The models were used to study the regulatory effects of
the immune system in order to gain a greater degree of understanding of the bone
fracture healing process.

First, the incorporation of the immune system in the models leads to more
realistic numerical results, where the evolution of the fibrocartilage and woven bone
correlates with the experimental data, see Chapter 4. Second, if the immune cells do
not participate in the bone fracture healing process, the healing process evolves into
nonunion or delayed union, Chapter 4; such findings have also been supported by
several experimental results [29, 47, 49]. In addition, in Chapter 1, it was found that
deregulation on the immune system functions leads to nonunion or delayed unions.
Furthermore, more fibrocartilage is produced and less bone tissue is synthesized
when the immune cells lose their capabilities to engulf debris or when the immune
cells deliver high concentration of pro-inflammatory cytokines. In Chapters 2 and
3, it was found that the immune system strongly regulates the evolution of the
bone fracture healing through delivered molecular factors, such as the pro- and
anti-inflammatory cytokines, and growth factors. The numerical simulations revealed

that in small fractures, the immune system does not need additional molecular stimuli
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to accelerate the healing process. Indeed, if anti-inflammatory or growth factor drugs
are administrated in small fractures, then the drugs negatively affect the progression
of the bone healing. However, the administration of anti-inflammatory or growth
factor drugs in moderate fractures accelerate the healing process in a dose-dependent
manner, and the drugs always improve the healing process in severe fractures or in
immune-compromised people. Such results have been also clinically observed when
corticosteroids and nonsteroidal anti-inflammatory drugs (NSAIDs), or growth factors
drugs are administered in bone fractures [38].

Furthermore, the stability analysis of the model revealed the biological condi-
tions to observe successful healing outcomes. Moreover, the mathematical conditions
obtained through the stability analysis of the models confirmed that a minimal
concentration of growth factors is needed to secure the healing of a broken bone,
Chapter 4. Such result was hypothesized in [2] based on the presented numerical
results. In addition, the presented stability analysis revealed conditions on the model
parameter values that lead to a successful healing outcome evolving into a nonunion.

Therefore, based on the model findings, the immune system is a main factor
that determines the successful outcomes of bone fracture repair. Furthermore, the
concentration of debris must be carefully considered when administration of anti-
inflammatory and growth factor drugs are implemented to enhance the fracture healing
process. In addition, the immune system potentially promotes bone fracture healing in
severe and immune-compromised individuals through the delivered anti-inflammatory
and growth factors.

The presented mathematical models can also be easily adapted to represent
other therapeutic approaches, such as the administration of different tyeps of drugs,
suggesting a variety of possible ways to guide clinical experiments and bone tissue

engineering strategies.
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Future research directions include modifications of the models by incorporating
additional molecular and cellular interactions, and processes during the inflammatory
and repair phases of fracture healing, such as macrophages and MSCs migration
due to cytokine stimuli, and the incorporation of the osteoclasts. Another research
direction is the incorporation of the bone remodeling phase of the healing process,
which begins at the end of the repair phase and continues long after fracture union.
There are different factors that affect the bone remodeling, including other bone
cells, such as osteoclasts, osteocytes, progenitor cells, and other sources of cytokines
[2, 24, 12|. Therefore, capturing the long-term dynamics of bone fracture healing
requires combining the current model for the inflammatory and repair phases of the
process with other mathematical models that are specifically developed for the bone
remodeling phase of the healing process. This presents a challenging new research
direction in the pursuit to better understand the bone fracture healing process and

the development of new treatment strategies.
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APPENDIX

In this appendix the parameter values used in the presented models are defined
and described. Table 5.1, summarizes the baseline parameter values and units for
the numerical simulations. These values are estimated in a qualitative manner from
data in other studies [39, 40, 63, 2, 24, 27, 55]. Some of those from [27, 55] were also
rescaled to account for the different mathematical expressions of the proliferation
and differentiation rates of the tissue cells. All parameter values are based on murine
experiments with healthy mice having a moderate fracture (a broken bone with a gap
size less than 3mm) [2, 24]. However, the bone fracture healing process for humans
involves the same cells, cytokines, and qualitative dynamics, differing only in the
number of cells, concentrations, and the length of time it takes for a full recovery [20].

All simulations are obtained by using the adaptive MATLAB solver ode23s
and are initiated with densities of debris, macrophages, MSCs, chondrocytes, and
osteoblasts set to D(0) = 5 x 107, My(0) = 0, M,(0) = 0, M5(0) = 0, C,,,(0) = 0,
C.(0) =0, C4(0) = 0, respectively, and the molecular initial concentrations are set
to ¢1(0) = 0, ¢2(0) = 0, ¢3(0) = 20, which represent the densities profiles observed
some minutes after a fracture occurs [2]. Some of the Parameter values given in
[55, 27, 2, 39, 59] were also re-scaled to account for the different mathematical
expressions of the model’s variables.

The following parameter values are used for Model (2.1)-(2.7): @y = {ko =
8.5x1070 k; = 8.3x107%,d., = 12.79; kg = 13; aeqg = 4.71x10%; kpow = 0.015; M0 =
1 x 105 dy = 0.121; k,, = 0.0015; Ky, = 1 % 10% kppy = 0.55 apm = V105 G =
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13;dy, = Liamp = 0.1;ky = 0.2202;a,, = 10;d, = 0.15; K = 1 X 10% p.s =

3 X 10_7;ch1 =3 x 10_7; Ged2 = 0.8 x 10_7;])(,8 =5x 10_8; Qvd = 5 X 10_8}

Table 5.1. Parameter descriptions and units.

Parameter Description Range of values Reference
kq Macrophages phagocytic rate 3 —48/day [39, 34]
Ged Half-saturation of debris 4.71 x 108 cells/mL [39]

kmaz Maximal migration rate 0.015 - 0.1 /day [63, 57]
Mz Maximal macrophages density 6 x 10° — 1 x 108¢ells/mL [34, 40]
ko1 Activation rate of M; 0.55 — 0.611 /day [63, 59]
koo Activation rate of My to My 0.0843 — 0.3 /day [59]
k12 Transition rate from M; to My 0.083 — 0.075 /day [63, 59]
ko1 Transition rate from My to My 0.005 — 0.05/ day [59]
do Emigration rate of My 0.156 — 0.02 /day [63, 59]
dy Emigration rate of M 0.121 — 0.2 /day (59, 63, 39]
do Emigration rate of My 0.163 — 0.2 /day (59, 39, 63]
ko Secretion rate of ¢; by debris 5x 1077 — 8.5 x 1076 ng/cells/day [39]
k1 Secretion rate of ¢; by M; macrophages 8.3 x 1075 ng/cells/day [39]
ko Secretion rate of ¢o by My macrophages 3.72 x 1075 ng/cells/day [39]
k3 Secretion rate of ca by MSCs 7 x 1077 — 8 x 1070 ng/cells/day [27]
de, Decay rate of ¢; 12.79 — 55 /day [59, 39]
de, Decay rate of ¢y 2.5 —4.632 /day [59, 39]
a2 Effectiveness of ¢y inhibition of ¢; synthesis 0.025 ng/mL [59]
a2 Effectiveness of co inhibition of ¢y synthesis 0.1 ng/mL [59]
Upm Effectiveness of ¢; inhibition of C, proliferation 3.162 ng/mL [27, 3]
by Effectiveness of ¢; inhibition of C, differentiation 0.1 ng/mL [27, 21]
aol Half-saturation of ¢; to activate M; 0.01 ng/mL [59]
ag Half-saturation of ¢y to activate Moy 0.005 ng/mL [59]
aph Effectiveness of ¢; inhibition of Cj proliferation 10 ng/mL [27, 30]
Gpm, Constant enhancement of ¢; to C,, proliferation 13 ng/mL [27, 3]
kpm Proliferation rate of Cyp, 0.5 /day [27]
dm Maximal differentiation rate of Cp, to Cj 1 /day 12, 27]
by Effectiveness of ¢; inhibition of C,, differentiation into Cj, 10 ng/mL [27, 30]
ey Effectiveness of ¢; inhibition of C,, differentiation into C, 10 ng/mL 2]
Qb Half saturation of c¢3 enhancing C,, differentiation into Cj, 10 ng/mL 2]
Ame Half saturation of ¢ enhancing C,, differentiation into C. 10 ng/mL 2]
Qep Half saturation of c3 enhancing necroses of C. 10 ng/mL 2]
kpb Proliferation rate of Cj, 0.2202 /day 12, 27]
dy Differentiation rate of Cj, 0.15 /day 12, 27]
Des Fibrocartilage synthesis rate 3 x 1075 g/cells/day 12, 27]
Gedy Fibrocartilage degradation rate 3 x 1076 mL/cells/day 12, 27]
Qeds Fibrocartilage degradation rate by osteoclasts 0.2 x 1078 mL/cells/day 12, 27]
Dbs Bone tissue synthesis rate 5% 1078 g/cells/day (2, 27]
Qb Bone tissue degradation rate 5 x 1078 mL/cells/day 2]
Ky, Carrying capacity of Cj, 1 x 108 cells/mL 12, 27]
Kim Carrying capacity of Cy, 1 x 108 cells/mL 2, 27]
D(0) Density of necrotic cells 1 x 108 — 2 x 108 cells/mL (34, 39, 40]

The following parameter values are used for Model (3.1)-(3.10): Qy = {kq =

135 a0y = 4.71 x 10%; kmas

1075 k1 = 8.3 x 1074 dy
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0.0015;dp, = 1;amp, = 0.1;pes = 3 X 10775 gear = 3 X 10775 eaz = 0.8 X 1077 pps =
5x 1078 gpg = 5x1078; kpy = 0.2202; ap, = 10;dy, = 0.15; Kjp = x10%; Apm, = 135 ko1 =
0.55; koo = 0.0843; k15 = 0.083; ko1 = 0.005; dy = 0.156;d; = 0.121;dy = 0.163; a15 =
0.025; a3, = 0.1;a0; = 0.01;a02 = 0.005;ky = 3.72 x 1074 k3 = 3 x 1075 ky =
0.7 x 107%; d, = 4.632}

For Model (4.1)-(4.12) the parameter values defined in Q5 and the following
parameter values are used: dmc = 10;dcb = .81;kpc = .8;apc = 3.162;acbl =
.05; achb = 10; amc = 10; amel = .05;amb = 10; Klc = 1e6;dec3 = 10; kb = Te—3; k4 =
de — 3; k6 = 2e — 3;a33 = 10; k2 = 3.72e — 4; k3 = 3e — 5;dc2 = 4.632.

The following parameter values are used for Model (4.13)-(4.15): Q3 = {ks =
0.05; kpr, = 0.5; dipy = di /@b = 0.1; kp, = 0.2202; dp, = 0.15; ds = 100; Ky, = Ky =
x 100},

Code for the numerical simulations in the xpp-auto software:
init Cm=0.1 init Cb=0.1 init ¢3=0.2

par kpm=0.5 dm=1 kpb=0.2202 db=1 dc3=1 kb=3 dCm/dt=kpm*Cm™*(1-
Cm)-dm*Cm*c3

dCb/dt=kpb*Cb*(1-Cb)+dm*Cm*c3-db*Cbh

dc3/dt=kb*Cb-dc3*c3

@ total=5000,dt=.5, xlo=0, xhi=2, ylo=0.0, yhi=10, zlo=0.0, zhi=10,

bound=8000, maxstor=100000, yp=p, dsmin=1e-5, dsmax=0.002, ds=-.0001,
parmin=.000, parmax=.004, autoxmin=0,

autoymin=0, autoymax=60, nmax=50000, npr=1000, ntst=30,

dsmin=1e-5, dsmax=0.002, ds=-.0001, parmin=0.0, parmax=>5, autoxmin=0.0
@autoxmax=5, autoymin=0, autoymax=>5,

nmax=>50000, npr=1000 @ EPSU=.0000001, EPSS=.0000001,

EPSL=.0000001
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