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ABSTRACT

BATCH CULTURE MODELS OF THE MURINE GUT MICROBIOME & THE
IMPACT OF SIMPLE DORMANCY ON DORMANCY-CAPABLE
MICROORGANISMS MODELS

Ana Clarisa Mendez, Ph.D.

The University of Texas at Arlington, 2024

Supervising Professor: Hristo V. Kojouharov

The proposed mathematical biology research utilizes mathematical models to
gain insight into biological systems. These systems of ordinary differential equations
model diverse topics, ranging from gut microbiomes to harmful algal blooms. A
complete stability analysis, supporting phase plane portraits, bifurcation diagrams,
and numerical simulations will accompany the models presented.

In Chapter 2, the murine gut microbiome is modeled to match laboratory
experiments in the literature [27]. In these experiments, mice eat plasmid-carrying
“donor” bacteria and naturally carry plasmid-free “resident” bacteria in their gut.
The models aim to capture the behavior of plasmids, donor bacteria, and resident
bacteria.

Chapter 3 explores dormancy and its impact on the population dynamics
of microorganisms across different environments. Dormancy is a state of reduced
metabolic activity that enables dormancy-capable organisms to survive unfavorable

or harsh conditions. Each of the three dormancy models presented concerns a select

v



combination of these topics: the murine gut microbiome, golden algae, nutrient
recycling, batch cultures, and chemostats.

Lastly, Chapter 4 provides a biological interpretation of the theoretical results
and situates each model in context with others found here and in recent mathematical

and scientific literature.
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CHAPTER 1
Introduction

The proposed mathematical biology research employs mathematical models
to enhance the understanding of biological systems. These systems of ordinary
differential equations model various topics, ranging from gut microbiomes to harmful
algal blooms. The following brief introduction to these topics will offer biological
context to the models presented in this dissertation.

Chapter 2 models the murine gut microbiome to match laboratory experiments
in the scientific literature, which we previously simulated [27]. Murine refers to
mice, and the murine gut microbiome pertains to the microorganisms residing in
the digestive tract of mice. Of particular interest is Fscherichia coli, a bacteria
and “model organism” that is often genetically engineered to contain plasmids [25].
Plasmids are small, circular, double-stranded DNA molecules that exist outside the
chromosomal DNA of a cell; plasmids can be expelled, taken up from the environment,
or transferred between bacterial cells [52]. During the experiments, mice consumed F.
coli that contained a genetically engineered plasmid with both a reporter gene and an
antibiotic resistance gene. Then, bacteria collected from the murine fecal pellets are
quantified via plate assay to examine the persistence of the plasmid in the murine
gut.

We create mathematical models of paired ordinary differential equations to
represent the population dynamics of plasmid-carrying and plasmid-free bacteria in
the murine gut microbiome. The fundamental dynamics of the batch culture models

are plasmid loss, plasmid uptake, and plasmid transfer between cells. These models



will help us understand competition and co-existence between these bacteria and
predict the prevalence of plasmid-carrying bacteria within batch cultures. Analyzing
and comprehending these bacterial dynamics is a considerable step toward predicting
and controlling bacterial growth processes; this control is vital for research, commercial
applications, and gut microbiome health and stability.

Chapter 3 explores dormancy and its impact on the population dynamics of
different microorganisms. Dormancy is a state of reduced metabolic activity that
enables dormancy-capable organisms to survive unfavorable or harsh conditions.
Microorganisms exhibit dormancy through different mechanisms: endospores, cysts,
akinetes, latency, quiescence, etc. [58]. Below are examples of such microorganisms:

e Bacteria such as Bacillus subtilis and Clostridium botulinum have the ability to

form endospores [40].

e Archaea such as Halobacterium salinarum can enter a state of quiescence [30].

e Fungi such as Aspergillus niger and Penicillium chrysogenum can produce
spores [41].

e Protozoa such as Entamoeba histolytica can enter a cyst formation [4].

e Algae such as Prymnesium parvum can form non-motile dormant cells [20].

e Viruses such as the herpes simplex virus can enter latency periods in host cells

[12].

Out of the above group, there are plenty of noteworthy microorganisms. For
example, the herpes simplex virus continues to infect roughly 67% of all humans
[29]. Bacillus subtilis has been found to reside in human gastrointestinal tracts
[23], while Penicillium chrysogenum is used to make antibiotics [57]. Prymnesium
parvum can cause harmful algal blooms, decimating local aquatic ecosystems in the
process [31]. These microbes have captured the attention of the medical community,

governments, and environmental protection agencies and organizations. Using math-
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ematical modeling, researchers aim to improve understanding of such species and
other dormancy-capable microorganisms.

The dormancy models in this chapter are batch culture and chemostat models,
all of which incorporate dormancy as first-order conversion. The first of the three
models builds from Chapter 2 and incorporates dormancy in the murine gut micro-
biome. We have published the second and third models in the scientific literature,
incorporating nutrient recycling at different efficiencies [34, 2]. The second model
concerns Prymmnesium parvum, also known as golden algae, in a batch culture setting
with complete nutrient conservation [34]. The third model generalizes the Golden

Algae model, particularly nutrient recycling, to fit a chemostat setting [2].



CHAPTER 2
Batch Culture Models of Plasmids in the Gut Microbiome

This chapter individually and jointly analyzes the fundamental dynamics of
plasmids and bacteria in the gut microbiome. The fundamental dynamics under

consideration are plasmid loss, transformation, and conjugation.

2.1 Plasmid Loss Model

In this section, plasmid loss will be the focus and the only plasmid behavior
incorporated into the batch culture model presented below. Plasmid loss can occur
in several ways: during cell division, cell lysis, or through secretion systems [412, 48].
Furthermore, plasmid-carrying cells often face a metabolic burden due to plasmid
replication and production levels [14]. This burden intensifies as the number of
plasmid copies produced increases, reducing bacterial replication rates. Bacteria
with higher metabolic burdens naturally replicate more slowly and are therefore

outperformed by faster-replicating bacteria with fewer metabolic burdens.

2.1.1 Formulation of Plasmid Loss Model
We consider a straightforward batch culture model of bacterial competition

between plasmid-carrying donor bacteria, Bp, and plasmid-free resident bacteria, By,



in the presence of constant plasmids in a homogeneous environment. Such a model

consists of the following system of two ordinary differential equations:

dBp vBp + Ba
P - wBp(1-1EET2A) B
dt 1bp ( K mbp
~~ < plasmid
replication of loss
plasmid-carrying bacteria
dt - 20 A —K mbp .
N ~~ - plasmid
replication of loss

plasmid-free bacteria
We assume that bacteria follow a logistical growth with carrying capacity K [24].
Furthermore, experimental evidence suggests that carrying a plasmid imposes a
metabolic burden on the bacteria, leading to either a slower growth rate or lower
carrying capacity for plasmid-carrying bacteria. In this model, we assume that
plasmid-carrying bacteria have a lower maximal growth rate, a;, than plasmid-free
bacteria, as, while the relative capacity of Bp is denoted by ~. Thus, a; < as,
with v > 1. The rate of bacterial death is negligible as we are modeling bacterial
experimental growth during the exponential phase in a batch culture. Moreover, we
assume plasmids are constant and homogeneous across the environment. Bacteria
Bp eliminates its plasmid and becomes B4 at a constant rate ;. Table 2.1 lists the

model parameters with their descriptions and units.

Variable/Parameter Description Units
Bp Donor /plasmid-carrying bacteria cells/uL
By Resident /plasmid-free bacteria cells/ L
(o7 Replication rate of donor bacteria 1/hour
Qo Replication rate of resident bacteria 1/hour
K Carrying capacity of the environment cells/uL
¥ Relative capacity coefficient of Bp —
m Rate of conversion from donor to resident bacteria 1/hour

Table 2.1: Model (2.1.1) parameters with their descriptions and units.



2.1.2  Analysis of Plasmid Loss Model (n; # 0,72 = 0,3 = 0)

In this subsection, System (2.1.1) is found to have three equilibria. We deduce
the criteria for the existence and stability of all equilibria. The stability conditions
are then summarized in Table 2.2 and corroborated in Figure 2.1.

By setting the right-hand sides of System (2.1.1) equal to zero, the following

three equilibria are found:

E° = (0,0) = (Bp, BY),
E'=(0,K) = (Bp, By),
E? — (062[((771 - 061) K(Ul - 061)

onlor —0z7) (o1 — o) ) = (Br. By).

Before considering the stability of the equilibria, one must know when and if each
equilibrium is biologically feasible. Recall that the values for Bp and B4 that appear
in B, where i = 0, 1, 2, represent population sizes. Hence, these values must all be
non-negative.

E°: Clearly, B% = BY = 0 are non-negative. Therefore, E° is always biologically
feasible and always exists.

E': Clearly, B, = 0 and B} = K are non-negative. Therefore, E' is always
biologically feasible and always exists.

E?%: Lastly, note B} = —Z—:BI%. This means B% and B are non-negative if and
only if they are equal to zero, i.e. when EY = E?. Thus, if E* # E?, E? is
never biologically feasible. For our purposes, this means E? never exists.

Moving forward, only E° and E' are eligible for analysis.
Next, we establish the stability conditions for the equilibria E° and E'. The
following theorem regards the local stability of the trivial equilibrium E°.

Theorem 2.1.1. The trivial equilibrium E° is always unstable.



Proof. The Jacobian evaluated at E° is

— 0
J(EO) _ ap —m

Ui %)

Thus,
det (7 (%)) = aos —m)

and
tr (J(E°)) = (ay — m) + ao.

By the Routh-Hurwitz stability criterion [39], E° is stable when det (J (E°)) > 0 and

tr (J (E°)) < 0. The above conditions are never satisfied simultaneously:

Suppose det (J (EO)) = as(ay —m1) > 0 and tr (J (EO)) =(ag—m)+ay<0.

Thus, a; — 1y > 0 and tr (J (EO)) = (a1 —m)+ay>0.

A contradiction has been reached. In conclusion, the Routh-Hurwitz stability criterion

is never satisfied, and E° is always unstable. [

Next, we prove that the boundary equilibrium E* is always locally asymptotically
stable.

Theorem 2.1.2. The boundary equilibrium E* is always locally asymptotically stable.

Proof. The Jacobian evaluated at E! is

— 0
J(El) _ T

—QoY +1m —Qo

By the Routh-Hurwitz stability criterion [39], E' is stable when det (J (E')) > 0 and

tr (J(E')) < 0. Clearly,

det (J (El)) = 1Moy > 0
7



and
tr (J(EY)) = —(m + az) <0.
Thus, E! is always locally asymptotically stable. O

Furthermore, the above stability analysis is summarized in Table 2.2 and supported

by the phase portraits in Figure 2.1.

1 I I [ I BY
N N U AN \ \
1 FE S S U AN
g L A voN N \ \ \ \ S‘f
v v v v NN NN i
§ v v N NN \ \ E -
| DN NN NN g ol e el Bt B A
I R ]
02} \ AN N "\ [ Direction Field Arrows || f ! = T T —= Direction Field Arrows | -
‘ I B,-Nullcline @q‘* ~ NS TS |[——Bg-Nullcline
oF ~———B,-Nullcline S N ~ ~O SO ~————B,-Nullcline
0 o.‘z o.‘4 o.‘e o.‘s 1 1‘.2 \9& 0 012 0‘.4 0.‘6 0.‘3 1 1.‘2 1.‘4 1‘.6 1.‘3
Donor Bacteria (B,,) Donor Bacteria (Bp,)
(a) EY = (0,0) unstable (b) E' = (0, K) stable

Figure 2.1: Phase portraits of System (2.1.1). The parameter values in (a) and (b) are
ap = 3, = 3.7848, K = 200,000,y = 1.1, and n; = 10. EY is unstable, as shown by
the direction field arrows moving away from E° = (0,0). E' is locally asymptotically
stable, as shown by the direction field arrows moving toward E' = (0, K).

Existence and Stability

E° exists and unstable
E' exists and stable

E? does not exist

Table 2.2: Existence and stability of the equilibria of System (2.1.1).



2.1.3 Numerical Simulations and Discussion

In this subsection, we discuss simulations of System (2.1.1), which were created
using the Matlab ® ode45 solver. In this model, the only plasmid dynamic is plasmid
loss. Hence, conversion only happens in one direction: donor bacteria, Bp, can lose
their plasmids and become resident bacteria, B4. This creates an uneven influx of
plasmid-free resident bacteria. It follows that the system will approach a steady state
where only the plasmid-free resident bacteria, B4, persists as inferred by the lone
stability of

B' = (0,K) = (B}, BY)

of System (2.1.1).

x10% 10

N
T

I
T

)
T
)
T

Population Densities
>
Population Densities
>

|

= Donor Bacteria (BP)
I Resident Bacteria (BA)

o5 1 15 2 25 3 35 4 45 5 05 1 15 2 25 3 35 4 45 5
Time (t) Time (t)

(a) Bp(0) = 1000, B4(0) = 1000 (b) Bp(0) = 100000, B (0) = 10

= DONor Bacteria (BF)

Resident Bacteria (BA)

o M & o ©
T T T T
o M & o ©

o
o

Figure 2.2: Numerical simulation of System (2.1.1). In (a) and (b), EY is unstable and
E' is locally asymptotically stable with parameter values oy = 3, ap = 3.7848, K =
200,000, = 1.1, and n; = 10.

Note the overall outcome of both simulations in Figure 2.2: Bp = 0 and

1
Bs = K. In (a), the initial population sizes are identical and 300 of the carrying
capacity, K. However, in (b), Bp(0) is 100 times bigger, and B4(0) is 100 times

smaller in comparison to (a). Still, the outcomes are identical; this will be the case

9



for any initial condition with at least one positive value. Furthermore, all numerical
simulations of System (2.1.1) can be categorized into two outcomes:
1. If Bp(0) = B4(0) = 0, then the system will remain at E° = (0,0) = (B}, BY}).

2. Otherwise, the system will trend towards and stabilize at E' = (0, K) = (Bp, B}).

2.2 Plasmid Acquisition Model

This section focuses on plasmid acquisition. The batch culture model presented
below incorporates two manners in which this behavior can occur. One process involves
the uptake of free plasmids from the environment through natural transformation.
This is a chance event of plasmid movement into the bacteria dependent upon the
characteristics of a given bacterial species and cell. The second mechanism accounted
for in this model is the transfer of plasmids through conjugation. In this process, a
bacteria with a transferable plasmid makes direct contact with a recipient bacteria
using its pilus to form a mating pair. After conjugation, both bacteria in the mating

pair will possess a plasmid [52].

2.2.1 Formulation of Plasmid Acquisition Model
We build off the previous model and incorporate plasmid acquisition instead of
loss. This means plasmid-free resident bacteria, B4, take in the plasmid via natural

transformation and become plasmid-carrying donor bacteria, Bp, at a rate 7,. In

10



addition, plasmid transfer occurs from Bp to B, via conjugation at a rate 5. Below

is the system of ordinary differential equations described above:

dB P Y B P+ B A
—— = aBp(l———— |+ mBa + $BpBa,
dt K — —
~ ~~ transformation  conjugation
replication of
plasmid-carrying bacteria
(2.2.1)
dBy vBp + By
—— = @By(l-————|— mBs — $BpBa,
dt K S~ S——
N ~~ ~  transformation  conjugation
replication of
plasmid-free bacteria
Table 2.3 lists the model parameters with their descriptions and units.
Variable/Parameter Description Units
Bp Donor /plasmid-carrying bacteria cells/uL
By Resident/plasmid-free bacteria cells/uL
o Replication rate of donor bacteria 1/hour
o Replication rate of resident bacteria 1/hour
K Carrying capacity of the environment cells/uL
0 Relative capacity coeflicient of Bp —
M2 Rate of conversion from resident to donor bacteria 1/hour
I5; Rate of bacterial conjugation uL/cells/hour

Table 2.3: Model (2.2.1) parameters with their descriptions and units.

2.2.2  Analysis of Transformation Model (7, = 0,7, # 0,5 = 0)

In this subsection, we assume 5 = 0 and 7, # 0. System (2.2.1) is found to have
three equilibria. We deduce criteria for the existence and stability of all equilibria.
The stability conditions are then summarized in Table 2.4 and corroborated in Figure
2.3.

By setting the right-hand sides of System (2.2.1) equal to zero, the following

three equilibria are found:

E" = (0,0) = (Bp, B})
11



B = (%()) — (B}, BY)

5 (K(Uz—f)@) _OélK(m—Oéz)) (B2, B)

(041 - 0427) ’ 042(051 - 0427)

Before considering the stability of the equilibria, one must know when and if each
equilibrium is biologically feasible. Recall that the values for Bp and B4 that appear
in B, where i = 0, 1, 2, represent population sizes. Hence, these values must all be
non-negative.

E°: Clearly, B% = B = 0 are non-negative. Therefore, E° is always biologically
feasible and always exists.

E': Clearly, Bp :g and BY = 0 are non-negative. Therefore, E' is always
biologically feasible and always exists.

E?: Lastly, note By = —Z—:Bﬁ. This means B?% and B?% are non-negative if and
only if they are equal to zero, i.e. when E = E?. Thus, if B # E?, E? is
never biologically feasible. For our purposes, this means £? never exists.

Moving forward, only E° and E! are eligible for analysis.
Next, we establish the stability conditions for the two equilibria E° and E*.

The following theorem concerns the local stability of the trivial equilibrium E°.

Theorem 2.2.1. The trivial equilibrium E° is always unstable.

Proof. The Jacobian evaluated at E° is

J (EO) _ a1 2

0 as—mno
Thus,
det (J (E%)) = a(az — )
and

12



tr (J(E°)) = ay + (ag — na).

By the Routh-Hurwitz stability criterion [39], E° is stable when det (J (E°)) > 0 and

tr (J (E°)) < 0. The above conditions are never satisfied simultaneously:

Suppose det (J (EO)) = ai(ag —19) > 0 and tr (J (EO)) =a;+ (ag — 1) <0.

Thus, ag — 12 > 0 and tr (J (EO)) =1 + (g —1m2) > 0.

A contradiction has been reached. In conclusion, the Routh-Hurwitz stability criterion

is never satisfied, and E° is always unstable.

O

Next, we prove that the boundary equilibrium E* is always locally asymptotically
stable.

Theorem 2.2.2. The boundary equilibrium E* is always locally asymptotically stable.

Proof. The Jacobian evaluated at E'! is

— — +
7 (El) _ :1 a7y T 72
-2

By the Routh-Hurwitz stability criterion [39], E* is stable when det (J (E')) > 0 and

tr (J(E')) < 0. Clearly,
det (J (El)) =ainy >0
and
tr (J(EY)) = —(ny + ;) <0.
Thus, E! is always locally asymptotically stable. [

Furthermore, the above stability analysis is summarized in Table 2.4 and supported
by the phase portraits in Figure 2.3.
13
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Figure 2.3: Phase portraits of System (2.2.1) when 7, # 0, and 5 = 0. The parameter
values in (a) and (b) are ay = 3, @ = 3.7848, K = 200, 000,~ = 1.1, and 7o = 0.4973.
E° is unstable, as shown by the direction field arrows moving away from E° = (0,0).

E! is locally asymptotically stable, as shown by the direction field arrows moving

K
toward E' = <—,0).
Y

Existence and Stability

EP exists and unstable
E' exists and stable

E? does not exist

Table 2.4: Existence and stability of the equilibria of System (2.2.1) when g = 0 and
12 # 0.

2.2.3 Analysis of Conjugation Model (n; = 0,72 = 0,3 # 0)
This subsection assumes 17, = 0 and 3 # 0. System (2.2.1) is found to have four
equilibria. We deduce the criteria for the existence and stability of all equilibria. The

stability conditions are then summarized in Table 2.5 and corroborated in Figure 2.4.

14



By setting the right-hand sides of System (2.2.1) equal to zero, the following

four equilibria are found:

£~ (0,0) = (BY. BY)

K
E'= (—,0) = (Bp, B)
S
E? = (0,K) = (B}, B})
K o K
B = - - 1 > ~ (B}, B
((ﬂK —artmy) (BK —on+ax) (5. B3)

Before considering the stability of the equilibria, one must know when and if each
equilibrium is biologically feasible. Recall that the values for Bp and B4 that appear
in E*, where i = 0, 1, 2, 3, represent population sizes. Hence, these values must all be
non-negative.

E°: Clearly, B% = BY = 0 are non-negative. Therefore, E° is always biologically
feasible and always exists.

E': Clearly, Bp zg and B} = 0 are non-negative. Therefore, E! is always
biologically feasible and always exists.

E?: Clearly, B2 = 0 and B% = K are non-negative. Therefore, E? is always
biologically feasible and always exists.

E3: Lastly, note B = —Z—;B?D. This means B} and B are non-negative if and
only if they are equal to zero, i.e. when E = E3. Thus, if E* # E3, E? is
never biologically feasible. For our purposes, this means E? never exists.

Moving forward, E°, E', and E? are eligible for analysis.
Next, we establish the stability conditions for the three equilibria E°, E', and

E?. The following theorem concerns the local stability of the trivial equilibrium E°.

Theorem 2.2.3. The trivial equilibrium E° is always unstable.

15



Proof. The Jacobian evaluated at E° is

0
J(E) ="
0 (6D)

By the Routh-Hurwitz stability criterion [39], E° is stable when det (J (E°)) > 0 and

tr (J(E®)) < 0. However,

det (J (EO)) = qiag >0

and
tr (J(E®)) = a; + as > 0.
Thus, E° is always unstable. O
Next, we prove that the boundary equilibrium E' is always locally asymptotically
stable.

Theorem 2.2.4. The boundary equilibrium E*' is always locally asymptotically stable.

Proof. The Jacobian evaluated at E* is

By the Routh-Hurwitz stability criterion [39], E* is stable when det (J (E')) > 0 and

tr (J(E")) < 0. Clearly,

K
det (7 (E)) = 75
8

and

K

tr (J(EY)) = —ay — pE < 0.

Y

Thus, E' is always locally asymptotically stable. ]

Next, we prove that the boundary equilibrium E? is always unstable.
16



Theorem 2.2.5. The boundary equilibrium E? is always unstable.

Proof. The Jacobian evaluated at E? is

J (E?) = - ’
—ayy — K —ap

By the Routh-Hurwitz stability criterion [39], E? is stable when det (J (E?)) > 0 and

tr (J (E?%)) < 0. However,
det (J (EZ)) =—apfK <0
and
tr (J (E?)) = BK — as.
Thus, E? is always unstable. ]

Furthermore, the above stability analysis is summarized in Table 2.5 and supported

by the phase portraits in Figure 2.4.

Existence and Stability

E° exists and unstable
E' exists and stable
E? exists and unstable

E3 does not exist

Table 2.5: Existence and stability of the equilibria of System (2.2.1) when 7y = 0,
and [ # 0.

17
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Figure 2.4: Phase portraits of System (2.2.1) when 7y = 0, and 8 # 0. The parameter
values in (a)-(c) are ag = 3,0 = 3.7848, K = 200,000,v = 1.1, and 5 = 0.00005.
E° and E? are unstable, as shown by the direction field arrows moving away from
E° = (0,0) and E* = (0, K). E! is locally asymptotically stable, as shown by the

K
direction field arrows moving toward E' = (—, 0).
8

2.2.4 Analysis of Conjugation and Transformation Model (n; = 0,72 # 0,3 # 0)
This subsection assumes 7y, # 0. System (2.2.1) is found to have four
equilibria. We deduce the criteria for the existence and stability of all equilibria. The

stability conditions are then summarized in Table 2.6 and corroborated in Figure 2.5.
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By setting the right-hand sides of System (2.2.1) equal to zero, the following

four equilibria are found:

E® = (0,0) = (Bp, BY)
K

E' = <_70) = (BII%B}Ll)
v

E?= (-% K+ %) — (B2, B%)
53— ( Koz —m2)  anK(a2 — 1)
(BK —oq +agy)’ (K —ay + azy)

) = Bh %)

Before considering the stability of the equilibria, one must know when and if each

equilibrium is biologically feasible. Recall that the values for Bp and B4 that appear

in ', where i = 0, 1, 2, 3, represent population sizes. Hence, these values must all be

non-negative.

E°:

Bl

E?:

E3:

Clearly, B% = BY = 0 are non-negative. Therefore, E° is always biologically
feasible and always exists.

Clearly, Bp :g and BY = 0 are non-negative. Therefore, E' is always
biologically feasible and always exists.

Clearly, B3 = K + 244 is non-negative. However, B3 = —% is non-negative if
and only if 15 = 0, which violates our initial assumption of 1., 8 # 0. Thus, if
ny # 0, E? is never biologically feasible. For our purposes, this means E? never
exists.

Lastly, note Bp = —Z—iBj This means B} and B3 are non-negative if and
only if they are equal to zero, i.e. when E° = E3. Thus, if E° # E3, E3 is

never biologically feasible. For our purposes, this means E? never exists.

Moving forward, E° and E' are eligible for analysis.

Next, we establish the stability conditions for the two equilibria £° and E*.

The following theorem concerns the local stability of the trivial equilibrium E°.

19



Theorem 2.2.6. The trivial equilibrium E° is always unstable.

Proof. The Jacobian evaluated at EY is

J(E)=|" "
0 as—no
Thus,
det (J (E°)) = a0z — o)
and

tr (J(E%) = ar + (a2 — ).

By the Routh-Hurwitz stability criterion [39], E° is stable when det (J (E°)) > 0 and

tr (J (E°)) < 0. The above conditions are never satisfied simultaneously:

Suppose det (J (EO)) = ai(ag —n2) > 0 and tr (J (EO)) =1+ (g —1p) < 0.

Thus, as — 12 > 0 and tr (J (EO)) =aj+ (ag — 1) > 0.

A contradiction has been reached. In conclusion, the Routh-Hurwitz stability criterion

is never satisfied, and E° is always unstable. ]

Next, we prove that the boundary equilibrium E* is always locally asymptotically
stable.

Theorem 2.2.7. The boundary equilibrium E*' is always locally asymptotically stable.

Proof. The Jacobian evaluated at E*! is

BK
—ap —ay + 12+ 7
BK

N
fy

By the Routh-Hurwitz stability criterion [39], E° is stable when det (J (E°)) > 0 and

J(E) =

tr (J(E°)) < 0. Clearly,
20



det (J (El)) =y <7)2 + 57[() >0
and
tr (J(EY)) = — (ng +ar + 57[() < 0.
Thus, E' is always locally asymptotically stable. ]

Furthermore, the above stability analysis is summarized in Table 2.6 and supported

by the phase portraits in Figure 2.5.
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Y

Figure 2.5: Phase portraits of System (2.2.1). The parameter values in (a) and (b)
are o = 3,y = 3.7848, K = 200,000, = 1.1, 1, = 0.4973, and 5 = 0.00005. E° is
unstable, as shown by the direction field arrows moving away from E° = (0,0). E* is
locally asymptotically stable, as shown by the direction field arrows moving toward

E' = (50).
8

2.2.5 Numerical Simulations and Discussion
In this subsection, we discuss simulations of System (2.2.1), which were created
using the Matlab ® ode45 solver. In this model, the only plasmid dynamic included

is plasmid acquisition, which manifests in two different ways: transformation and
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Existence and Stability

E° exists and unstable
E' exists and stable
E? does not exist

E3 does not exist

Table 2.6: Existence and stability of the equilibria of System (2.2.1) when 1, 5 # 0.

conjugation. However, conversion only happens in one direction: resident bacteria,
B4, can gain plasmids and become donor bacteria, Bp. This creates an uneven influx
of plasmid-carrying

bacteria. It follows that the system will approach a steady state where only the

plasmid-carrying donor bacteria, Bp, persist as inferred by the lone stability of

K

B - (_,o) _ (8L, BY)
v

across the three sub-models of System (2.2.1): o # 0 and =0, 7o = 0 and  # 0,

and 72, 5 # 0.

K
Note the overall outcome of simulations in Figure 2.6: Bp = — and B4 = 0.

In (a),(c), and (e), the initial population sizes are identical and 200 of the carrying
capacity, K. However, in (b),(d), and (f), Bp(0) is 100 times smaller, and B4(0) is
100 times bigger in comparison to (a),(c), and (e). Still, the outcome is identical. This
will be the case for any initial condition with at least one initial positive population
value. Furthermore, all numerical simulations of System (2.1.1) can be categorized
into two outcomes:

1. If Bp(0) = B4(0) = 0, then the system will remain at E° = (0,0) = (B}, BY).

2. If no =0,8#0, Bp(0) =0, and B4(0) = K, then the system will remain at

Bp(0) =0 and B4(0) = K.

K
3. Otherwise, the system will trend towards and stabilize at E' = (—, 0) = (Bp, B}).
Y
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Figure 2.6: Numerical simulations of System (2.2.1). In (a)-(f), E' is locally
asymptotically stable, and any remaining existing equilibria are unstable. In (a)
and (b), f# = 0. In (c¢) and (d), 7o = 0. Otherwise, the parameter values are
ay = 3, a9 = 3.7848, K = 200,000, = 1.1, 7, = 0.4973, and 8 = 0.00005.
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2.3

Plasmid Loss and Acquisition Model

In this section, we will explore both plasmid loss and acquisition in a batch

culture model. We will analyze the different combinations of System (2.1.1) and

System (2.2.1). During this section, we always assume 7; # 0.

2.3.1

Formulation of Plasmid Loss and Acquisition Model

We build off the previous models and incorporate both plasmid acquisition and

loss. Below is the modified system of ordinary differential equations:
dB P Y B P+ B A
—— = aBp(l————|-mBp+ mBsy + BpBa,
dt K S—~— S—~— S——
N ~~ < plasmid  transformation  conjugation
replication of loss
plasmid-carrying bacteria
(2.3.1)
dB A Y B P+ B A
—— = @By (l———F——|+mBp— mBsy — §BpBa,
dt K S—~— S~— S——
N -~ plasmid transformation conjugation
replication of loss
plasmid-free bacteria
Table 2.7 lists the model parameters with their descriptions and units.
Variable/Parameter Description Units
Bp Donor /plasmid-carrying bacteria cells/uL
By Resident/plasmid-free bacteria cells/uL
o Replication rate of donor bacteria 1/hour
Qo Replication rate of resident bacteria 1/hour
K Carrying capacity of the environment cells/uL
v Relative capacity coefficient of Bp —
m Rate of conversion from donor to resident bacteria 1/hour
M2 Rate of conversion from resident to donor bacteria 1/hour
I6] Rate of bacterial conjugation uL/cells/hour

Table 2.7: Model (2.3.1) parameters with their descriptions and units.
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2.3.2  Analysis of Plasmid Loss and Transformation Model(n; # 0,7, # 0,5 = 0)
This subsection assumes 71,7, # 0, and = 0. The System (2.3.1) is found to
have three equilibria. We deduce the criteria for the existence and stability of all
equilibria. The stability conditions are then summarized in Table 2.8 and corroborated
in Figure 2.7.
By setting the right-hand sides of System (2.3.1) equal to zero, the following

three equilibria are found:
E°=(0,0) = (B}, BY) ,

EI:( Ky Km ):(B}D,B}L;),

M+ mey’ o+ ey
K — K —
E? — ( (c1m2 + aom — aqag) _ (a1m2 + aom 041042)) _ (3123> B,24) '

oy (a) — agy) ’ (e — azy)

Before considering the stability of the equilibria, one must know when and if each
equilibrium is biologically feasible. Recall that the values for Bp and B, that appear
in B, where i = 0, 1, 2, represent population sizes. Hence, these values must all be
non-negative.

E°: Clearly, B% = BY = 0 are non-negative. Therefore, E° is always biologically

feasible and always exists.

K K
E': Clearly, Bp = e and B, = S/l are non-negative. Therefore, E' is
M+ 2y e+ M2
always biologically feasible and always exists.
E?: Lastly, note B} = —%B?g. This means B% and B?% are non-negative if and
&%)

only if they are equal to zero, i.e. when EY = E?. Thus, if E° # E?, E? is

never biologically feasible. For our purposes, this means E? never exists.
Moving forward, only E° and E' are eligible for analysis.

Next, we establish the stability conditions for the two equilibria £° and E'.
The following theorem concerns the local stability of the trivial equilibrium E°.

Theorem 2.3.1. The trivial equilibrium E° is always unstable.
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Proof. The Jacobian evaluated at E° is

7 (EO) _ 01— M 12

m Qg — 12

Thus,
det (J (E°)) = (o1 — m)(az — 1) — e = a1 (a2 — n2) — azm
and
tr (J(E%)) = (o1 —m) + (a2 = ).

By the Routh-Hurwitz stability criterion [39], E° is stable when det (J (E°)) > 0 and

tr (J (E°)) < 0. The above conditions are never satisfied simultaneously:

Suppose det (J (EO)) = (a1 —m)(ae —m2) —mn2 = ay(ag —m2) — agmy >0
and tr (J (E°)) = (a1 —m) + (aa — m2) < 0.
This implies, (a1 — 1) (a2 — 1n2) > mn2 > 0 and oy (g — 12) > agmy > 0.
Thus, (g —n1) > 0 and (g — 12) > 0.
Lastly, tr (J (E®)) = (a1 —m) + (aa — n2) > 0.
A contradiction has been reached. In conclusion, the Routh-Hurwitz stability criterion
is never satisfied, and E° is always unstable. O

Next, we prove that the interior equilibrium E! is always locally asymptotically
stable.

Theorem 2.3.2. The interior equilibrium E' is always locally asymptotically stable.

Proof. The Jacobian evaluated at E' is

75+ aryne + Y 119
J(Ey) = i+ 72 M+ 72
! QoYM Qo
11— -2 -
M+ Y2 m + N2
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By the Routh-Hurwitz stability criterion [39], E! is stable when det (J (E')) > 0 and

tr (J(E")) < 0. Clearly,

det(J(El)) = QM + a1 > 0,

and
2
Qs + 17 + (L +7)mn2 + yne(an + 12
br(J(EY) = — 22t L+ Y)mne +ymalan +12) _ o
m -+
Thus, E' is locally asymptotically stable. ]
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Figure 2.7: Phase portraits of System (2.3.1) when 7,72 # 0, and § = 0. The

parameter values in (a) and (b) are oy = 3, ap = 3.7848, K = 200,000,v = 1.1,y =

10, and 7, = 0.4973. E° is unstable, as shown by the direction field arrows moving

away from EY = (0,0). E' is locally asymptotically stable, as shown by the direction
K772 K?’]l )

m+ney mt+ny)

field arrows moving toward E' = (

Furthermore, the above stability analysis is summarized in Table 2.8 and supported

by the phase portraits in Figure 2.7.
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Existence and Stability

E° exists and unstable
E' exists and stable

E? does not exist

Table 2.8: Existence and stability of the equilibria of System (2.3.1) when 7,1, # 0,
and g = 0.

2.3.3 Analysis of Plasmid Loss and Conjugation Model(n; # 0,7 = 0,5 # 0)

This subsection assumes 7y, 5 # 0, and 7y = 0. System (2.3.1) is found to have
four equilibria. We deduce the criteria for the existence and stability of all equilibria.
The stability conditions are then summarized in Table 2.9 and corroborated in Figures
2.8 and 2.9.

By setting the right-hand sides of System (2.3.1) equal to zero, the following

four equilibria are found:
E® = (0,0) = (Bp, By),
E' = (0,K) = (Bp, B4),
BK —m 771)
E? = ( 4 | T B2aB2 )
57 ﬁ ( P A)
K(on —m) K(on —m)
E3=< - - — (BS, B).
(8K —ar+ayy) (BK —a; + ayy) (B Ba)

Before considering the stability of the equilibria, one must know when and if each

equilibrium is biologically feasible. Recall that the values for Bp and B4 that appear
in ', where i = 0, 1, 2, 3, represent population sizes. Hence, these values must all be
non-negative.
E°: Clearly, B% = BY = 0 are non-negative. Therefore, E° is always biologically
feasible and always exists.
E': Clearly, B = 0 and B} = K are non-negative. Therefore, E' is always

biologically feasible and always exists.
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K —
E?%: Clearly, B3 = % is non-negative. However, B2 = u is non-negative if

and only if SK — 1, > 0. Therefore, E? is biologically fﬁezsible and exists if and
only if K —n; > 0.

E3: Lastly, note B3 = —Z—;B;’D. This means B} and B3 are non-negative if and
only if they are equal to zero, i.e. when EY = E3. Thus, if E* # E3, E? is
never biologically feasible. For our purposes, this means E* never exists.

Moving forward, E° and E! are always eligible for analysis. However, E? is eligible
for analysis only when SK —n; > 0.
Next, we establish the stability conditions for the three equilibria E°, E', and

E?. The following theorem concerns the local stability of the trivial equilibrium FE°.

Theorem 2.3.3. The trivial equilibrium E° is always unstable.

Proof. The Jacobian evaluated at EY is

sy - |
T o7
Thus,
det (J (E°)) = (o1 — m)as
and

tr (J(E°)) = (a1 —m) + .

By the Routh-Hurwitz stability criterion [39], E° is stable when det (J (E°)) > 0 and

tr (J (E°)) < 0. The above conditions are never satisfied simultaneously:

Suppose det (J (EO)) = (a1 —m)ag >0 and tr (J (EO)) = (a1 —m)+ay <0.

Thus, (a; —n;) > 0 and tr (J (EO)) =(ag—m)+as>0.
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A contradiction has been reached. In conclusion, the Routh-Hurwitz stability criterion

is never satisfied, and E° is always unstable. ]

Next, we prove that the boundary equilibrium E! is locally asymptotically
stable when K — n; < 0.
Theorem 2.3.4. The boundary equilibrium E' is locally asymptotically stable if and
only if BK —mn <0.

Proof. The Jacobian evaluated at E! is

5K—771 0

m — Yo —Q2

J(Ey) =

By the Routh-Hurwitz stability criterion [39], E! is stable when det (J (E')) > 0 and

tr (J (EY)) < 0. Since 8K — n; < 0, clearly
det (J (E")) = —(BK —m)as >0
and
tr (J(EY)) = (BK — 1) — as < 0.
Thus, E! is locally asymptotically stable if and only if SK —n; < 0. ]

Next, we prove that the interior equilibrium E? is locally asymptotically stable
when 0 < K — ;.
Theorem 2.3.5. The boundary equilibrium E? is locally asymptotically stable if and

only if 0 < BK — .

Proof. The Jacobian evaluated at E? is

a (i B 1> (BK — on)(BK —m)

|\ KB By K
JE)= | Moy (1 ) 3_) 8K
BK "\v BK v
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By the Routh-Hurwitz stability criterion [39], E* is stable when det (J (E')) > 0 and
tr (J (EY)) < 0. Since 0 < 3K — ny, clearly
(BK = m)[on(BK —m) + asm]

det (J (E?)) = 2 >0

and
b (J (B?)) = 027 = ay(BK —m) = PE(BK —m) _
ByK

Thus, E? is locally asymptotically stable if and only if 0 < K — n;. [

Existence and Stability

BE —m <0 0<BEK —m

E° exists and unstable E° exists and unstable

E' exists and stable E' exists and unstable

E? does not exist E? exists and stable

E3 does not exist E?3 does not exist

Table 2.9: Existence and stability conditions of the equilibria of System (2.3.1) when
m, B # 0, and 1, = 0.

Furthermore, the above stability analysis is summarized in Table 2.9 and supported
by the phase portraits in Figures 2.8 and 2.9. As the model analysis indicates, the
relationship between the parameters, 3,7, and K, is instrumental in understanding
the population dynamics of donor and resident bacteria. The stability analysis reveals

two scenarios:
1. If the plasmid loss rate, 7, is greater than the conjugation potential, K, then
the trivial equilibrium, E° = (0,0), is unstable, the boundary equilibrium,

E' = (0,K), is locally asymptotically stable, and the interior equilibrium,
E? — (»3[( —
py B

greater than the plasmid acquisition, only the plasmid-free resident bacteria,

), does not exist. In other words, if the plasmid loss is
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B4, will persist when introduced to a controlled and closed environment as

inferred by Figure 2.8 and the lone stability of
E'= (Bp,Ba) = (0, K) .

. If the plasmid loss rate, 7, is less the conjugation potential, K, then the
trivial and boundary equilibrium, E° = (0,0) and E* = (0, K), are unstable

K —
and the interior equilibrium, E? = (ﬁ n m), is locally asymptotically

By B
stable. In other words, if the plasmid loss is less than the plasmid acquisition,
both the donor and resident bacteria, Bp and B4, will persist when introduced

to a controlled and closed environment as inferred by Figure 2.9 and the lone

stability of
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Figure 2.8: Phase portraits of System (2.3.1) when ny, 8 # 0,12 = 0, and K —n; < 0.
In (a) and (b), the parameter values are a; = 3,9 = 3.7848, K = 200,000,y =
1.1, = 10,75 = 0.4973, and 3 = 0.00001. E° is unstable, as shown by the direction
field arrows moving away from E° = (0,0). E! is locally asymptotically stable because
BK —n; < 0 when 8 = 0.00001, as shown by the direction field arrows moving toward
E'=(0,K).
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Figure 2.9: Phase portraits of System (2.3.1) when n;, 8 # 0,72 = 0, and 0 < 5K —n;.
In (a)-(c), the parameter values are a3 = 3, ap = 3.7848, K = 200,000,y = 1.1,1; =
10,75 = 0.4973, and B = 0.00009. E° is unstable, as shown by the direction field
arrows moving away from E° = (0,0). E'® is unstable because 0 < 3K — n; when
B = 0.00009, as shown by the direction field arrows moving away from E' = (0, K).
E? is locally asymptotically stable because 0 < 8K — n; when 8 = 0.00009, as shown
K —
by the direction field arrows moving toward E? = (u, m).
By B

In the stability analysis above, we found that the long-term behavior of System

(2.3.1) when my, 8 # 0, and 1, = 0 depends on parameter values. We will conduct

a more detailed numerical investigation of the system’s behavior by examining how
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each equilibrium changes with variations in each, 5 and 7;. We create one-parameter

bifurcation diagrams by varying each parameter separately, as shown in Figure 2.10:
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Figure 2.10: Bifurcation diagrams of System (2.3.1), when 1, 5 # 0, and 1, = 0, for
the donor bacteria Bp in (a) and (c), and resident bacteria B4 in (b) and (d). In (a)-
(d), a1 = 3, = 3.7848, K = 200,000, and v = 1.1. In (a) and (b), 7, = 10 and the
steady-state values are plotted as a function of 3 as it changes in [1 x 107°,9 x 107°].
In (c) and (d), By = 5 x 107° and the steady-state values are plotted as a function of
ny as it changes in [0, 20]. In the diagrams, solid lines show stable states, and dashed
or dotted lines show unstable states. The trivial equilibrium, E°, is always unstable.
The boundary equilibrium, E*!, is locally asymptotically stable when 3 < 5 x 107
or equivalently, when 10 < n;. Otherwise, E' is unstable. The interior equilibrium,
E?, is locally asymptotically stable when 5 x 107> < 3 or equivalently, when n; < 10.
Otherwise, £? does not exist.
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We hold all model parameters constant and adjust a single parameter within the
biologically meaningful intervals of (1 x 1075,9 x 1075) for 3 in 2.10 (a)-(b), or (0, 20)
for 7y in 2.10 (c)-(d). The bifurcation occurs at 3 =5 x 107°, or equivalently, n; = 10.

As shown in the diagrams, if 3 <5 x 107° or n; > 10, System (2.3.1) (n, 8 #
0, and 7o = 0) only has two equilibria, E° and E', with only E' being locally
asymptotically stable. This represents the persistence of resident bacteria and
complete plasmid elimination. On the other hand, if § > 5 x 107 or 1, < 10,
there are three equilibria, E°, E', and E?, with only E? being locally asymptotically
stable. This scenario represents the co-existence and persistence of resident and donor

bacteria and the successful establishment of plasmids in the system.

2.3.4 Analysis of Plasmid Loss, Conjugation, and Transformation Model (r; #
0,m2 # 0,8 #0)

This subsection assumes 1,72, # 0. System (2.3.1) is found to have four
equilibria. We deduce criteria for the existence and stability of all equilibria. The
stability conditions are then summarized in Table 2.10 and corroborated in Figure
3.1.

By setting the right-hand sides of System (2.3.1) equal to zero, the following

four equilibria are found:

3 — K(ounz + aam — ana) _K(Oémz + ol — 041042)) _ (B3 BS)
ai(ar —agy — KB) az(ay — ayy — Kf3) prmAn
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where

KB —m —ym+ V(KB —m —yn2)? + 48Ky,

Bp =
g 287

Bt _ KB+ m A — (KB +m +y)* — 45K,
A 2/8 )

and

B2 KB —m—ym = V(KB —m —yp)* + 48Ky
P 2/87 Y

B~ KB +m+ym+ (KB +m +ym)* — 46Km

26

Before considering the stability of the equilibria, one must know when and if
each equilibrium is biologically feasible. Recall that the values for Bp and B4 that
appear in E’, where i = 0,1, 2,3, represent population sizes. Hence, these values
must all be non-negative.

E°: Clearly, B% = BY = 0 are non-negative. Therefore, E° is always biologically
feasible and always exists.
E': Notice that Bp’s denominator, 237, is positive. Therefore, B}, is non-negative

if and only if Bp’s numerator is non-negative. Notice
(KB —m =) < (KB —m —y12)° + 4K fyn,

—(KB—m —yma) < |KB—m —me| < \/(Kﬁ —m = y2)? + 4K Byn,

0< (KB —m —m) + V(KB —m —yn2)? + 4K Byn,

and so Bp’s numerator and, consequently, B} are non-negative.
Notice that BY’s denominator, 243, is positive. Therefore, B} is non-negative if

and only if BY’s numerator is non-negative. Notice

(KB +m +ym)® > (KB +m +yme)* — 4K B

KB +m+7ym = KB +m+ | > V(KB +m +7m)? — 4K By
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KB+m +9m — V(KB +m +ym)? — 4KBn >0

and so BY’s numerator and, consequently, B} are non-negative. Thus, E' is
always biologically feasible and always exists.
E?: Notice that B%’s denominator, 237, is positive. Therefore, B% is non-negative

if and only if B%’s numerator is non-negative. However, notice

(KB —m —ym2)* < (KB —m —ym2)* + 4K By

KB —m —yn2 < |KB —m — el < \/(Kﬁ —m = yn2)? + 4K Byn,

KB —m —yma — V(KB —m —yna)? + 4K Byna < 0

and so B%’s numerator and, consequently, B3 are negative. Thus, E? is never
biologically feasible and never exists.

E3: Lastly, note B} = —%Bﬁi. This means B} and B are non-negative if and
only if they are equal 1to zero, i.e. when E° = E3. Thus, if £ # E3, E3 is
never biologically feasible. For our purposes, this means E3 never exists.

Moving forward, only E° and E! are eligible for analysis.
Next, we establish the stability conditions for the two equilibria E° and E*.

The following theorem concerns the local stability of the trivial equilibrium E°.

Theorem 2.3.6. The trivial equilibrium E° is always unstable.

Proof. The Jacobian evaluated at E° is

7 (EO) _ a;p — 1 2
Ui Qg — 72

Thus,
det (J (EO)) = (a1 —m)(a2 —m2) —n2 = aq (g — 12) — Qo1

and
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tr (J(E°)) = (o1 —m) + (a2 — ).

By the Routh-Hurwitz stability criterion [39], E° is stable when det (J (E°)) > 0 and

tr (J (E°)) < 0. The above conditions are never satisfied simultaneously:

Suppose det (J (EO)) = (o1 — ) (2 — 1m2) — M2 = a1 — 12) — agm >0
and tr (J (E°)) = (a1 —m) + (a2 — m2) < 0.
This implies, (a1 — 1) (a2 — n2) > mne > 0 and oy (g — 12) > agmy > 0.
Thus, (aq —n1) > 0 and (ag — 12) > 0.
Lastly, tr (J (E®)) = (a1 —m) + (aa — n2) > 0.
A contradiction has been reached. In conclusion, the Routh-Hurwitz stability criterion

is never satisfied, and E° is always unstable. ]

Next, we prove that the interior equilibrium E' is always locally asymptotically
stable.

Theorem 2.3.7. The interior equilibrium E' is always locally asymptotically stable.

Proof. The Jacobian evaluated at E* is

(8% (6% (6%
63}1—?13}4—2%3}3—1—041—771 <B—?1> Bp 412
J(EY) =
Q7Y a7y Qg

By the Routh-Hurwitz stability criterion [39], E' is stable when det (J (E')) > 0 and

tr (J(E')) < 0. Clearly

V(i +me — KB)2 + 4K Byn,

det (J (E")) = T (uBp + asB}) >0
and
tr (J (EY)) :%X — BBp— B~ 2Bl —m <0
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since

X=KB—m+yn — \/(KB—U1+7772)2+47771772 <0,

as shown below:

(KB —m +vm)* < (KB —m1 4+ ) + dymne

KB—m+ym <|KB —m +ym2| < \/(Kﬁ—m +m2)? + dymns

X =KB—m+7m — V(KB —m +7m2)%+ 4ymnz < 0.

Thus, E! is always locally asymptotically stable. ]
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Figure 2.11: Phase portraits of System (2.3.1) when ny,10,8 # 0. In (a)
and (b), the parameter values are oy = 3,0 = 3.7848 K = 200,000,v =
1.1,y = 10, = 0.4973, and 8 = 0.00009. E° is unstable, as shown
by the direction field arrows moving away from E° = (0,0). E' is locally
asymptotically, as shown by the direction field arrows moving toward E! =

KB—m—yma+/(KB—m —ym2)2+4BK na  KB+m+yma—y/ (KB+m+n2)2—48Km
2B~ ’ 28

Furthermore, the above stability analysis is summarized in Table 2.10 and supported

by the phase portraits in Figure 3.1.
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Existence and Stability

E° exists and unstable
E' exists and stable
E? does not exist

E3 does not exist

Table 2.10: Existence and stability of the equilibria of System (2.3.1) when 7y, 12, f #
0.

2.3.5  Numerical Simulations and Discussion

In this subsection, we discuss simulations of System (2.3.1), which were created
using the Matlab® ode45 or ode89 solvers. In this model, there are two plasmid
dynamics, plasmid loss, and plasmid acquisition, which can manifest in two different
ways: transformation and conjugation. Hence, conversion happens in both directions.

1. Resident bacteria, B4, can gain plasmids and become donor bacteria, Bp.

2. Donor bacteria, Bp, can lose their plasmids and become resident bacteria, B4.
This creates the possibility of balance within the system. It makes sense that the
system usually approaches a steady state where both the plasmid-carrying donor
bacteria, Bp, and the plasmid-free resident bacteria, By, persist as inferred by Figure
2.12 and the stability of
B — ( Ky Km

T+ 1m27y T+ 127y

K —
E? = <55—’Ym7 %) when m;, 8 # 0 and 7o =0 and 0 < K5 —ny in 2.12 (¢)-(d),

El — (B}l), Bll4) When 7]1777276 7é 0 in 212 (e)_(f)7

) when 77,172 # 0 and § =0 in 2.12 (a)-(b),

where
g KB —m—m+ V(KB = —ym)? + 48Ky,
P_ 2/87 )
gt _ EB+m+am = V(KB +m +ym)* — 40K,
A_ .
25
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Figure 2.12: Numerical simulations of System (2.3.1). In (a) and (b), f = 0. In
(c) and (d), o = 0. Otherwise, the parameter values are oy = 3,y = 3.7848, K =
200,000,y = 1.1, = 10,n9 = 0.4973, and 8 = 0.00009.
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However, when 7, = 0 and K8 — n; < 0 the stable equilibrium becomes
E'=(0,K),

as shown by Figure 2.13 (a)-(b). Furthermore, this shows a scenario where the plasmid-

carrying donor bacteria, Bp, can be eliminated in this double-dynamic system. In

contrast, the plasmid-free resident bacteria, By, always persists in System (2.3.1).

x10% x10°

== DONOr Bacteria (BP) = DONor Bacteria (BP)
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(a) Bp(0) = 1000, B4(0) = 1000 (b) Bp(0) = 100000, B4(0) = 10

Figure 2.13: Numerical simulations of System (2.3.1) when ny, 8 # 0, and 1, = 0. In
(a) and (b), the parameter values are a; = 3, ap = 3.7848, K = 200,000,y = 1.1,1mp; =
10, and 5 = 0.00001.

Note the overall outcome of all simulations in Figure 2.12: Bp > 0 and B4 > 0,
i.e., co-existence. In (a), (c), and (e), the initial population sizes are identical and
ﬁ of the carrying capacity, K. However, in (b), (d), and (f), Bp(0) is 100 times
bigger, and B4(0) is 100 times smaller in comparison to (a), (c), and (e). Still, all
outcomes are similar in Figure 2.12.

Now, note the overall outcome of simulations in Figure 2.13: Bp = 0 and
Ba = K. In (a), the initial population sizes are identical and ﬁ of the carrying

capacity, K. However, in (b), Bp(0) is 100 times bigger, and B4(0) is 100 times

smaller in comparison to (a). Still, the outcome is identical.
42



Most of the time, any initial condition with at least one positive value will lead
to co-existence, as pictured in Figure 2.12. However, if 17 = 0 and SK — n; < 0, any
initial condition with at least one positive value will lead to the persistence of B4 and
extinction of Bp, as pictured in Figure 2.13. In summary, all numerical simulations
of System (2.3.1) can be categorized into three outcomes:

1. If Bp(0) = B4(0) = 0, then the system will remain at E° = (0,0) = (B}, BY).
2. If m,8#0,m =0, BK —n <0, and Bp(0) >0 or B4(0) >0

OR

n, B #0,m =0,Bp(0) =0, and B4(0) = K,

the system will trend towards and stabilize at Bp = 0 and By = K.

3. Otherwise, the system will trend towards and stabilize at co-existence where

Bp >0 and B4 > 0.

It’s important to consider how to keep plasmid-carrying donor bacteria, Bp, in
the system when 7o = 0, and K —n; < 0. In other words, how can we maintain donor
bacteria when the system naturally eliminates all plasmids? If Bp is administered
like a medicine, how many “doses” does it take to maintain a certain level of Bp in
the system? How do the pertinent parameters, K, 3, and 7, affect these dosages?

The peaks of Bp in Figure 2.14 represent the “doses” required to maintain
Bp > g over the span of 2 hours. In Figure 2.14 (a), the doses seem farther apart
as time progresses. Recall the conjugation term in System (2.3.1), 5BpBa, and note
an increase in B, increases plasmid acquisition, which, in turn, increases plasmid-
carrying donor bacteria, Bp. Thus, an increase in B4 can help temporarily delay
the elimination of the plasmid-carrying donor population, Bp. Since B, initially
increases rapidly, Bp elimination slows, and dosages become farther apart. The

dosage frequency later stabilizes alongside B4’s growth.
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Figure 2.14: Numerical simulations of System (2.3.1) when 7,8 # 0,17, = 0, and

BK —n; < 0. Unless otherwise stated above, the parameter values and initial

conditions in (a)-(f) are a3 = 3,y = 3.7848,v = 1.1, = 12, =5 x 107°, K =
)

K
200,000, Bp(0) = 5 and B, = 10. The initial condition for Bp is routinely reset to

K
ensure Bp > T 44



In Figure 2.14 (b), increasing the dosage from g in (a) to K in (b) reduces
the number of doses necessary to maintain Bp > g because higher dosages of Bp
take longer to eliminate.

In Figure 2.14 (¢), Ba(0) = % is 30, 000 times greater than B4(0) = 10 in (a).
Similar to the previous rationale, since B4(0) is initially much greater, Bp elimination
slows, and doses are initially farther apart than those initially seen in (a). Thus,
greater initial population sizes can allow for an initial lower dose frequency.

In Figure 2.14 (d), m = 10.1 is smaller than 7, = 12 in (a). Recall the plasmid
loss term in System (2.3.1), 1 Bp, and note a smaller 7; decreases plasmid loss and,
in turn, increases plasmid-carrying donor bacteria, Bp. Thus, doses can decrease and
maintain the same minimum level of Bp with a lower 7;.

In Figure 2.14 (e), 8 = 5.9 x 107 is greater than 8 =5 x 107" in (a). Recall the
conjugation term in System (2.3.1), 5BpB4, and note a greater [ increases plasmid
acquisition and, in turn, increases plasmid-carrying donor bacteria, Bp. Thus, doses
can decrease and maintain the same minimum level of Bp with a greater .

In Figure 2.14 (f), K = 238,000 is greater than K = 200,000 in (a). Recall
the conjugation term in System (2.3.1), 5BpB4, and note a larger K increases both
Bp and By, which increases plasmid acquisition and, in turn, further increases
plasmid-carrying donor bacteria, Bp. Thus, doses can decrease and maintain the
same minimum level of Bp with a greater K.

Below are ways to decrease the required doses and maintain Bp above an
arbitrary minimum value.

(Bp(ti)T) An increase (1) of Bp in each dosage at times, ¢;, will decrease () the doses

required.
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(B4(0)") An increase (1) in B4(0), the initial amount of By introduced into the system,
will decrease ({) the doses required.
(my) A decrease ({) in 7y, the plasmid loss rate, will decrease ({) the doses required.
(8") An increase (1) in 3, the bacterial conjugation rate, will decrease (]) the doses
required.
(KT) An increase (1) in K, the carrying capacity, will decrease (|) the doses required.
Incorporating the above recommendations into Figure 2.14 (a) reduces the

number of doses required to a third of the original amount, as shown in Figure 2.15.

x10°

Donor Bacteria (Bp)
Resident Bacteria (By4)

Population Densities

0 02 04 06 08 1 12 14 16 18 2
Time (t)
(a) 4 doses

Figure 2.15: Numerical simulation of System (2.3.1) when 7,5 # 0,17, = 0, and

BK —mn < 0. The parameter values and initial conditions in (a) are oy = 3, a9 =

3.7848,v = 1.1, = 11.25, 8 = 5.5 x 107°, K = 220,000, Bp(0) = K, and By = 2K.
K

The initial condition for Bp is routinely reset to ensure Bp > —.
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CHAPTER 3
Batch Culture and Chemostat Models of Dormancy-Capable-Microorganisms

This chapter will explore a variety of dormancy-capable microorganisms in both

batch culture and chemostat settings.

3.1 Batch Culture Model of Dormancy-Capable-Bacteria and Plasmids in the Gut
Micriobiome
This section will explore dormancy, plasmid loss, and acquisition in a batch
culture model. Evidence shows that bacteria commonly found in gut microbiomes can
enter dormant states [9, 23, 53]. Of particular relevancy, E. coli has been shown to
become dormant and was used in the murine gut microbiome experiments referenced
in Chapter 2. We will build off the most general plasmid model System (2.3.1) and

incorporate dormancy.

3.1.1 Formulation of Dormancy-Capable-Bacteria and Plasmids in a Batch Culture
Model

We build off the previous Model (2.3.1) and incorporate dormant plasmid-

free resident bacteria, Bp, where dormancy is modeled as a first-order conversion

between active-resident bacteria, B4, and dormant-resident bacteria, Bp. Below is

the modified system of ordinary differential equations:
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dBp ’YBP + BA
— = a1BP(1 - —> — mBp + mBa + BpBua,
dt K ) —— N7 —
R plasmid loss transformation conjugation
growth
dB4 Bp + By
— = OéQBA<1 - 7—) + mBp — mBasy — 8BpBa
dt . K | —— —— —
v plasmid loss transformation conjugation
growth
(3.1.1)
— 01Ba  + 09 Bp
—— ~—
conversion to Bp  conversion to By
dB
-2 = 0By —  0Bp

conversion to Bp  conversion to By

In batch cultures, an organism resides in a regulated environment with a finite
amount of a predetermined nutrient, and therefore, additional nutrients and organisms
cannot enter the closed system [8]. Because of their dormant state, dormant-resident
bacteria, Bp, do not reproduce or utilize nutrients. Donor bacteria, Bp, and active-
resident bacteria, B4, remain active, grow, and reproduce, hence taking up nutrients.
The plasmid dynamics are identical to the previous Model (2.3.1). Furthermore,
the conversion rate from active-resident bacteria to dormant-resident bacteria is 1,
and from dormant-resident bacteria to active-resident bacteria is d. Both of these
conversion rates are assumed to be constant. Table 3.1 lists the model parameters

with their descriptions and units.

3.1.2  Analysis of Plasmid Loss, Conjugation, and Transformation Model with Dor-
mancy (1, # 0,m2 # 0,5 # 0)

In this subsection, System (3.1.1) is found to have four equilibria. Criteria for

the existence and stability of all equilibria are deduced. The stability conditions are

then summarized in Table 3.2 and corroborated in Figure 3.2.
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Variable/Parameter Description Units

Bp Donor/plasmid-carrying bacteria cells/uL
Ba Resident /plasmid-free bacteria cells/uL
o Replication rate of donor bacteria 1/hour
y Replication rate of resident bacteria 1/hour
K Carrying capacity of the environment cells/uL
o' Relative capacity coefficient of Bp —
i Rate of conversion from donor to resident bacteria 1/hour
M2 Rate of conversion from resident to donor bacteria 1/hour
B Rate of bacterial conjugation uL/cells/hour
01 Rate of conversion from active to dormant day1
09 Rate of conversion from dormant to active day™!

Table 3.1: Model (3.1.1) parameters with their descriptions and units.

By setting the right-hand sides of System (3.1.1) equal to zero, the following

four equilibria are found:

E" = (0,0,0) = (Bp, By, Bp) ,
E' = (Bp, B, Bp),
E? = (Bp, B, Bp) |
E* = (B}, By, Bp),

where

Bt KB —=m —ym+ V(KB —m —mp)* + 48Ky
P 2/6’)/ ?
g EB4m+ym = V(KB +m +ym)* — 40K,
A 2/8 Y
Y
B} = 5—233,
g2 KB —m—ym = V(KB —m —ym)* + 46K ym
P 2/67 Y
B2 _ KB +m +ym + /(KB +m +ym2)? — 48Km
A Qﬁ )
d
B} = 5—2324,
B3 — K(ain + aom — aqap)
P — Y

ai(og — ayy — BK)
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Before considering the stability of the equilibria, one must know when and if each
equilibrium is biologically feasible. Recall that the values for Bp, B4, and Bp that
appear in E’, where i = 0,1, 2,3, represent population sizes. Hence, these values
must all be non-negative.
E°: Clearly, B, = BY = BY% = 0 are non-negative. Therefore, E° is always
biologically feasible and always exists.
E': Notice that Bb’s denominator, 237, is positive. Therefore, B} is non-negative

if and only if BL’s numerator is non-negative. Notice

(KB —m —ym)? < (KB —m —yn2)” + 4K By
—(KB—m —ma) < |KB—m —yme| < \/(Kﬁ —m = yn2)? + 4K Byn,

0< (KB —m — )+ V(KB —m —yn2)? + 4K Byn,

and so BL’s numerator and, consequently, Bp are non-negative.
Notice that BY’s denominator, 243, is positive. Therefore, Bl is non-negative if

and only if BY’s numerator is non-negative. Notice

(KB +m +ym)” > (KB +m +yn2)* — 4K Bm

KB+m+7ym = KB +m+ 2| > V(KB +m +7m)? — 4K By

KB +m +ym — /(KB +m +vm)? — 4K Bn, >0

and so BY’s numerator and, consequently, B} are non-negative.
4]

Lastly, B}, = 6—le is non-negative because BY is non-negative. Thus, E' is
2

always biologically feasible and always exists.
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E?: Notice that B%’s denominator, 237, is positive. Therefore, B% is non-negative

if and only if B%’s numerator is non-negative. Notice
(KB —m —ym)* < (KB —m —ym)* +4KByn,

KB—m —me < |KB—m —ymo| < V(KB —m —ym2)? + 4K Byne

KB—m — 2 — V(KB —m — yn2)2 + 4K Byna < 0

and so B%’s numerator and, consequently, B% are negative. Thus, E? is never
biologically feasible and never exists.

E3: Lastly, note —%Bf’; =B = %B%. This means B}, B3, and B3, are all non-
negative if and (;nly if they are1 all equal to zero, i.e., when E° = E3. Thus, if
E° # E3, E3 is never biologically feasible. For our purposes, this means E3
never exists.

Moving forward, only E° and E' are eligible for analysis.

Here, we establish the stability conditions for the equilibria E° and E'. The

following theorem regards the local stability of the trivial equilibrium E°.

Theorem 3.1.1. The trivial equilibrium E° is always unstable.

Proof. The Jacobian evaluated at EY is

o —m 72 0
™m Qo — T2 — 51 52
0 01 —0ds

The characteristic polynomial of J (E°) is
0= l'g + (11.%2 + a2x + as,
where

ap = —a1 + 11 — ag + 12 + 01 + 0o,
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as = (—ag +m)(—ag + 19 + 01 + 02) + da(—a2 + 12) — MN2,

ag = 0a(—ag +n2)(—a1 + 1) — Samno.

By the Routh-Hurwitz stability criterion [39], EV is stable if and only if a; > 0, a3 > 0

and ajas — ag > 0. The above conditions are never satisfied simultaneously:

Suppose a1 = —aqg + 1, — g + 12 + 01 + 9o > 0,a1a0 — az > 0,

and az = 02 [(—ag + 1m2)(—aq +m1) — mne) > 0.

This implies, (—ay 4+ 1) (—ag +12) > mne > 0 and aq (e — 12) > agmy > 0.
Thus, (aq —m1) > 0 and (s —12) > 0.

This implies, —as +n2 + 01 + 05 > g — 1 > 0

and as = (—oq + m)(—ag + 2 + 01 + 02) + do(—aa +12) — mm2 < 0.

Lastly, ajas — az < 0.
A contradiction has been reached. In conclusion, the Routh-Hurwitz stability criterion
is never satisfied, and E° is always unstable. ]

Next, we prove that the interior equilibrium E! is locally asymptotically stable.

Theorem 3.1.2. The interior equilibrium E* is always locally asymptotically stable.

Proof. The Jacobian evaluated at E' is J(E') =

2017 o o
a1—73113—771+3i<5—?> 772+B}3</6_?> , 0
Q7Y Q7Y (&%)
771—3,14(74'5) 042—772—51—3113(54'7)—73% 02
0 01 —0s

Thus, the characteristic polynomial of J (E?) is

0:x3+a1x2+a2x+a3
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where

4ot oy Byl ol
a = —_— [R— [
PEOETR T T oy T oK T 28K

((51 + (52)C + 523 4 041(61 + 52)P + 042(5214 as

2T e 28K 9BK 5y
) KB —mn — 24 48K o P
s = 2\/( 5 m Qﬁ’;;h) 5 Y12 ( 1 i ong).

By the Routh-Hurwitz stability criterion [39], E' is stable if and only if a; > 0, a3 > 0
and ajas — az > 0. Note

—htmr oy Bl ol
=0Ty T o T98K T 28K

1) KB —mn — 2 448K P
0 — 2/ (K 77125’;;72) + 48Ky <041 —i—a2A>>0,

> 0,

and

5 i C i B 4 Oélp i OéQA
aijas — as = -+ — a
e\ T2 Toy ToBK 28K )

B 51+ 6P  ndud
+52((5l+62)0+52 L 0l +8)P | s )>0

2 M2y 20K 20K

since

A=KB+m+vm — V(KB +m +7m)2 — 48Kn > 0,

P=KB—m—"m+ V(KB —m —yn2)?+48K~yn, > 0,

B=KB—m+7ym+ (KB —m +ym2)? + dymnz > 0,

C=—-KB+m—ym+V(—KB+m—ym)?+4ymn: > 0
as shown below:

(KB +m + 7772)2 > (KB +m + 7772)2 — 48K

KB+m+m = |KB+m +ym| > V(KB +m +yn2)? — 4BKn

A:Kﬁ+7h+’7772—\/(Kﬁ—ﬁl—’Yﬁ2)2—45K771 > 0,
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(KB —m — 7772)2 < (KB —m — 7772)2 + 48K yne
—~(KB —m —ym2) < KB —m —ma| < /(KB —m —m2)? + 48K yns

P=KB—m—"m+ V(KB —m —yn2)?+48K~n, > 0,

(KB —m +7m2)* < (KB —m +7ym)* + dymne

—(KB —m +m2) < |KB—m +7m| < V(KB —m +7m2)2 + 4ymne

B=Kp—mn+yn+ \/(Kﬁ—ﬁl+7772)2+47771772 > 0,

and

(—KpB+m — ’7772)2 < (=Kp+m— ’7772)2 + dymne

—~(=KB+m —ym) < | = KB +m —ma| < V(=KB +m —ym2)% + dymmna

C=—-KB+m—m+ V(=KB+m — )2+ dymnz > 0,

since

(KB +m + yme)® — 48Kn =
(KB —m —ym2)* + 48Ky, =
(KB — 1+ yme)* + dymms =

(=K B +m —ym)* + dymne > 0.

Thus, E! is always locally asymptotically stable.
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Existence and Stability

E° exists and unstable
E' exists and stable
E? does not exist

E3 does not exist

Table 3.2: Existence and stability of the equilibria of System (3.1.1).

—= Direction Field Arrows ——= Direction Field Arrows
By-Nullcline B-Nulicline
5 B, -Nullcline B, -Nulicline
x10 B,,-Nullcline B,,-Nullcline

B
S AN o v~ oo

15832 378 P

(a) E° = (0,0,0) unstable (b) E* = (Bp, B}y, Bp) stable

Figure 3.1: Phase portraits of System (2.3.1). In (a) and (b), the param-
eter values are a3 = 3,a0 = 3.7848, K = 200,000,y = 1.1,y = 10,7, =
0.4973,8 = 0.00005,6; = 1.2, and d, = 1.3. E° is unstable, as shown by
the direction field arrows moving away from E° = (0,0,0). E® is locally

asymptotically, as shown by the direction field arrows moving toward E! =

(Kﬂ—n1—7772+\/(Kﬂ—Th—Wb)Q*"wKW?z K5+771+7772—\/(K5+771+7772)2—45K771 5 Bl)
20y ’ 28 ) :

3.1.3 Numerical Simulations and Discussion
In this subsection, we discuss simulations of System (3.1.1), which were created
using the Matlab ® ode45 solver. The results are almost exactly those of System

(2.3.1). The only difference is our third additional population, Bp, now mirrors the
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behavior of B4. This is highlighted when the equilibrium and stability are seen side

by side as shown next. The equilibrium for our general dormancy System (3.1.1) are

EY = (0,0,0),

E' = (Bp, By, Bp) .

where

KB —m =+ (KB —m —ym2)? + 48Ky,

Br = 26y
B _ KB +n1 +9m — /(KB +m + )2 — 48K,
A — 2/8 Y
b
B}, = =B},
D)

and for our general plasmid System (2.3.1) are

E° = (0,0),

E' = (Bp, BY) .

where

KB —m —yme 4+ (KB —m —yn2)? + 48Ky,

Br = 26 ’
Bl _ KB +mn +yne — \/(Kﬁ+7]1+7772>2—45K7]1
A _— .
24

Furthermore, the tables summarizing the stability of Systems (2.3.1) and (3.1.1) are
identical.

This shows that including first-order conversion to model dormancy in System
(2.3.1) does not affect the original dynamics. Future research should explore different
ways dormancy can affect plasmid dynamics: this can be accomplished by adding

complex plasmid and dormancy dynamics to Model (3.1.1).
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Existence and Stability

E° exists and unstable
E' exists and stable
E? does not exist

E3 does not exist

Table 3.3: Existence and stability of the equilibria of Systems (2.3.1) and (3.1.1).

x10* 10

=== Donor Bacteria (BP)

Donor Bacteria (B;,)

6t = Resident Bacteria (B, ) ———— Resident Bacteria (B,)

Population Densities
©
Population Densities
©

Dormant Bacteria (B

Dormant Bacteria (B)

D D)

IS
T
IS

o ‘ ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘ ‘
0 2 4 6 8 10 12 0 2 4 6 8 10 12
Time (1) Time (1)

(a) Bp(0) = 1000, B4(0) = 1000, Bp(0) = 1000 (b) Bp(0) = 100000, B4(0) = 10, Bp(0) = 10

Figure 3.2: Numerical simulations of System (3.1.1). In (a) and (b), E° is unstable and
E! is locally asymptotically stable with parameter values a; = 3, ay = 3.7848, K =
200,000,y = 1.1, = 10,712 = 0.4973, 5 = 0.00005,6; = 1.2, and 6 = 1.3.

Note the overall outcome of both simulations in Figure 3.2:

Bp = K B—m—yma++/ (KB—m —yn2)2+4BK 2 B, = KB+m+yma—/ (KB+m+ym2)2—4BKm and

28~ ’ 26
1
Bp = g—;B}l. In (a), the initial population sizes are identical and 200 of the carrying
capacity, K. However, in (b), Bp(0) is 100 times bigger, and both B4(0) and Bp(0)
are 100 times smaller in comparison to (a). Still, the outcomes are identical. This

will be the case for any initial condition with at least one positive value. Furthermore,

all numerical simulations of System (3.1.1) can be categorized into two outcomes:
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1. If Bp(0) = Ba(0) = 0, then the system will remain at E° = (0,0,0) =
(Bp, B3, Bp).

2. Otherwise, the system will trend towards and stabilize at £ =

(Kﬁ—m—wﬁ\/(Kﬁ—n1—7n2)2+4ﬂl<vnz KB+m+yma—/ (KB+m+ym2)2—4BKn 5_131)
A

28~ J 28 s

= (B}, B, BY).

3.2 Batch Culture Model of Dormancy-Capable-Golden Algae and Conserved Nutri-
ent Recycling

Prymnesium parvum is a unicellular species of phytoplankton often referred to
as golden algae. While this alga may be harmless at times, P. parvum is one of several
algae species known to grow excessively and release lethal toxins. The scientific
community refers to this phenomenon as a harmful algal bloom. These toxins can
annihilate local aquatic populations, compromise water sources, and harm or even
kill humans and animals [49, 54]. Rightfully, P. parvum has the attention of many
scientists, governments, and environmental protection agencies and organizations.
In hopes of assisting, the analysis below aims to deepen the understanding of the
population dynamics of golden algae.

The model presented modifies previous zooplankton and phytoplankton models
to fit P. parvum [32, 33, 15, 44, 26, 45]. Specifically, a batch culture model provides
some understanding of the dormancy of golden alga [56]. However, the model does
not take into account mortality; thus, its applicability is limited. The batch culture
model introduced below focuses only on the population dynamics of golden algae.
Hence, the main features of this golden algae model are the documented dormancy of

golden alga [20] and the extensive phenomenon of nutrient recycling [13].
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In this section, we use a model of ordinary differential equations to represent
the population dynamics of P. parvum. The initial model is reduced in order by one,
resulting in both a trivial and non-trivial equilibrium. A complete stability analysis is

conducted and numerical simulations are provided to support the theoretical results.

3.2.1 Formulation of Dormancy-Capable-Golden Algae and Conserved Nutrient
Recycling in a Batch Culture Model

The following model is a direct extension of Ventura et al.’s batch culture model

[56], with the addition of a death term and Martines et al.’s nutrient recycling term

[32]. A system of three ordinary differential equations is constructed to represent the

population dynamics of golden algae in a batch culture:

dR maz BRM
dt K+ R —~—
— recycled nutrients from death of M

consumption by M

dM Lmaw RM

L o Bme®T MM - M N
at K+R <~ o A (3:2.1)
N death of M conversion to N . nversion to M
growth of M
dN
— = oM, — N
dt ~—~ 7

conversion to N ¢conversion to M

Here, R represents the nutrient concentration available in the closed system. “Motile
algae” refers to metabolically active P. parvum, where M represents motile algae
density, while “non-motile algae” refers to dormant P. parvum, where N represents non-
motile algae density. In batch cultures, an organism resides in a regulated environment
with a finite amount of a predetermined nutrient, and therefore, additional nutrients
and organisms cannot enter the closed system [8]. Because of their dormant state,
non-motile algae do not reproduce and do not utilize nutrients. Motile algae remain

active, grow, and reproduce, hence, taking up nutrients in the process. Algal growth
59



is understood to be limited by nutrient supplies [55]. Historically, models have utilized

the Monod function [36],

NmazR
K+ R’

to represent the relationship between nutrient use and P. parvum growth [21]; this

model does the same. Here, (i, is the maximal growth rate of motile algae as
R — oo, and K is the half-saturation constant for motile algae. The constant
parameter ¢ denotes the portion of nutrient necessary per individual P. parvum cell.
The conversion rate from motile algae to non-motile algae is §, and from non-motile
algae to motile algae is 7. Both of these conversion rates are assumed to be constant.
Since non-motile algae reside in a protective-cyst-like state, they have an assumed
negligible mortality rate. However, motile algae lack this protection and naturally
perish at a constant rate A\. As mentioned earlier, nutrient recycling emerges in
multiple related models [32, 44, 26, 45], but this model takes direct inspiration from
Martines et al.’s recycling term [32]. Thus, nutrients contained in dead motile algae
are recycled back into the system at the rate AMgq. It is worth noting that ¢ appears

in both the consumption term,
Ponaz RRM
KR
and the recycling term, AM¢. While other models incorporate different parameters

for these terms [44, 26, 45], ¢ does appear in all of Martines et al.’s consumption and
recycling terms [32]. Furthermore, utilizing ¢ for these terms facilitates the reduction
of order of System (3.2.1) and the analysis of System (3.2.2). Table 3.4 lists all

variables and parameters mentioned and their units.

3.2.1.1 Reduction of Order

It is worth noting that System (3.2.1) can be reduced to a system of two

differential equations. The total amount of nutrients in the system, 7', is comprised of
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Variable/Parameter Description Units

R Nutrient concentration pmol /mlL
M Motile algae density cells/mL
N Non-motile algae density cells/mL
vy Rate of conversion from non-motile to motile algae day™!
) Rate of conversion from motile to non-motile algae day™!
K Half-saturation constant for motile algae pmol/mL
Hmaz Maximal growth rate of motile algae day™1
A Death rate of motile algae day™1
q Nutrient quota of motile algae pmol /cell

Table 3.4: Model (3.2.1) parameters and variables with their description and units.

the nutrient concentration in the system, R, and the nutrient concentration present

in both types of algae, Mq and Nq. Thus,
T=R+ Mg+ Ngq

and
d"  dR dM dN

o at Tt a?

dT
Direct substitution yields o= 0. This implies 7" is constant. Hence,
R=T—-Mqg— Ngq

can be used to eliminate the equation:

dR B Mmaz RM

% HmalU L\ M.
dt KR 1AM

After substitution, the resulting reduced system is given by:
dM frmaz M (T — Mg — Ng)
dt K+T—Mqg— Nq

TV
growth of M

AM —  §M + AN

death of M conversion to N . nversion to M

(3.2.2)

dN
- = oM — N
dt ~—~ l,./

conversion to N conversion to M
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3.2.2  Analysis of Dormancy and Conserved Nutrient Recycling in a Batch Culture
Model
In this subsection, the reduced System (3.2.2) is found to have two equilibria.
Criteria for the existence and stability of both equilibria are deduced. The stability
conditions are then summarized in Table 3.5 and corroborated in Figure 3.4.
By setting the right-hand sides of System (3.2.2) equal to zero, the following

two equilibria are found:

E° = (M° N°) = (0,0),
AK + T(/\ B :uma:v) AK + T()‘ B Mmaac))
T4+ tmar) 4G+ 1)~ fmar) )

E* = (M*,N*) = (

Before considering the stability of the equilibria, one must know when and if each

equilibrium is biologically feasible. Recall that the values for M and N that appear

in £° and E* represent population sizes and the value for R, given by
R=T—-Mq— Ng,

represents the nutrient concentration in the system. Hence, these values must all be

non-negative.
E° Clearly, M* = N° = 0 and R® = T — M°; — M% = T are non-negative.

Therefore, E° is always biologically feasible and always exists.

—A\K
E*: Note R* =T — M*q— M*q = P— Thus, R* is non-negative if and only

— Mmaz
if
A — tmaz < 0.
Now, note M* = —N*. Thus, M* is non-negative if and only if N* is non-

~
negative. Since 7,d,q > 0, both M* and N* are non-negative if and only

o AK+ T\ = fimae)

f
1 A — Hmaz
non-negative if and only if

is non-negative. Since A\ — e < 0, M* and N* are

AK 4+ T\ = fnaz) < 0.
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Note the two above conditions can be combined. Therefore, E* is biologically

[tmaz
K+T
Moving forward, E° is always eligible for analysis. However, E* is eligible for analysis
Homaz T
K+T
Next, we establish the stability conditions for the two equilibria E° and E*.

feasible and exists when \ < < fhmagz-

only when \ < < hmaz-

The following theorem concerns the local stability of the trivial equilibrium E°.

Theorem 3.2.1. The trivial equilibrium E° is locally asymptotically stable if and

/LmazT
K+T

Proof. The Jacobian evaluated at E° is

only if X >

,uma:pT

A0+
J(E°) = 5K+T
—

v

By the Routh-Hurwitz stability criterion [39], E° is stable when det (J (E°)) > 0 and
tr (J (E°)) < 0. Clearly,

0 . _ﬂmazT
det (J (E ))_7()\ K+T) -0

and

tr (J(E®) = —(5+7) + (—A+ ”m‘”T> < 0.

K+T
0 - . . . MmaxT
Thus, E® is locally asymptotically stable if and only if A > k1T [
Next, we prove that the interior equilibrium E£* is locally asymptotically stable
L Pomaz T’
h t ts, A < —/——.
when it exists, KT
Theorem 3.2.2. The interior equilibrium E* s locally asymptotically stable if and
. NmazT
ly if A < .
only if LT
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Proof. The Jacobian evaluated at E* is
(A = fimaz)”

/\ - ,umax 2 * *
* O mear g O ey
J(E ) = Hmaz Hmaz

0 —
By the Routh-Hurwitz stability criterion [39], E* is stable when det (J (E*)) > 0 and
tr (J(E*)) < 0. Clearly,

(A— Mmaa:>2
~— " M*+4
MmaivK + MmaxK

_ 2
det (J (E*)) = g A= fman)”

and
()‘_Nmax)Z
tr(J(E*)=—1{0 ~ - M 0.
R e

:uma:vT

. ]
K+T

Thus, E* is locally asymptotically stable if and only if A\ <

Furthermore, the above stability analysis is summarized in Table 3.5 and supported

by the phase portraits in Figure 3.4. As indicated by the model analysis, the
mas T
K+T
in understanding the population dynamics of P. parvum. The stability analysis reveals

relationship between the death rate, A, and the growth term, is instrumental

two scenarios:

,umax
K+T
equilibrium is unstable, and the non-trivial equilibrium is locally asymptotically

1. If the death rate is less than the growth term, A < , then the trivial
stable. In other words, if the overall death is less than the overall growth,
both types of algae will persist when introduced to a controlled and closed

environment as inferred by Figure 3.4 (a) and the stability of

B = (M*,N") = ( AR+ T = fhmae) gME+T(A = “m“)) .

8 )

q(6 +7)(A = fmaz)” 40 +7) (X = tmaz)
ﬂ'maa:
K+T
equilibrium is locally asymptotically stable, and the non-trivial equilibrium

2. If the death rate is greater than the growth term, A >

, then the trivial

does not exist. In other words, if the overall death is greater than the overall
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growth, both types of algae will die off when introduced to a controlled and

closed environment as inferred by Figure 3.4 (b) and the stability of

E° = (M*,N*) = (0,0).

Existence and Stability

,umaxT ,umaxT

A< <A

K+T K+T
E° exists and unstable E° exists and stable
E* exists and stable E* does not exist

Table 3.5: Existence and local stability conditions of the equilibria of System (3.2.2)
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Figure 3.3: Bifurcation diagrams of System (3.2.2) for the motile algae M in (a), and
non-motile algae N in (b). The parameter values are fi,,q, = 0.4, ¢ = 0.05, T' = 5,
0=03,7=02and K = 10. In (a) and (b), the steady-state values are plotted
as a function of A as it changes in [0.01,0.25]. In the diagrams, solid lines show
stable states, and dashed lines show unstable states. The trivial equilibrium, E°, is
locally asymptotically stable when A > 0.13. Otherwise, E° is unstable. The interior
equilibrium, E*, is locally asymptotically stable when A < 0.13. Otherwise, E* does
not exist.
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Figure 3.4: Phase portraits of System (3.2.2). In (a) and (b), the parameter values
are flmaz = 0.4, ¢ = 005, T =5 6 = 03, v = 02 and K = 10. In (a), E°

Mmam

is locally asymptotically stable, and E* does not exist because A > when

A = 0.15, as shown by the direction field arrows moving toward the single nullcline
intersection at £° = (0,0). In (b), E* is locally asymptotically stable, and E° is

,umax

K+T
moving toward E* = (M*, N*) = (’V
away from E° = (0,0).

unstable because A\ <

when A = 0.05, as shown by the direction field arrows

AK + TN\ = pimaz) ANK+T(X— ,umax)> and
g0+ )N = tmaz) (0 + )X = Limaz)

In the stability analysis above, we found that the long-term behavior of System
(3.2.2) depends on parameter values. We will conduct a more detailed numerical
investigation of the system’s behavior by examining how each equilibrium point
changes with variations in A. We will create a one-parameter bifurcation diagram by
varying A, as illustrated in Figure 3.3. We will hold all model parameters constant and
adjust A within the biologically meaningful interval of (0.01,0.25). The bifurcation
Hmaz L 2

= — =0.13.
K+T 15

As shown in the diagrams, if A > 0.13, System (3.2.2) has a single locally

occurs at A =

asymptotically stable equilibria, £°. This represents the extinction of both motile
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and non-motile algae. On the other hand, if A < 0.13, there are two equilibria, E£°
and E*, with only E* being locally asymptotically stable. This scenario represents

the co-existence and persistence of both motile and non-motile algae.

3.2.3 Numerical Simulations and Discussion
In this subsection, we discuss simulations of System (3.2.2), which were created
using the Matlab ® ode45 solver.In this model, two main algae dynamics are in play:

death and growth. It follows that the relationship between the death rate, A\, and the

M?’TLGI‘T
K+T’

parvum. There are two existence and stability conditions:

growth term,

is fundamental in understanding the population dynamics of P.

/JJmaa:T
K+T
,umaa:
K+T
,umaxT
K+T

1. The death rate is greater than the growth term, A >

2. The death rate is less than the growth term, A <

This creates the possibility of complete extinction when A >

inferred by Figure

3.5 (a)-(b) and the lone stability of

E°=(0,0)

,umax

and the possibility of mutual persistence when \ < T inferred by Figure 3.5

(c)-(d) and the lone stability of

L < K + T(A = ftimas) MK +T(A— umax))
T4+ fiman) 90+ 1) — fmar) )

Note the overall outcome of simulations in Figure 3.5 (a)-(b): M = N = 0.

In 3.5 (a), the initial population sizes, M (0) = N(0) = 10, are identical and small.
However, in 3.5 (b), the initial population sizes, M (0) = N(0) = 100, are 10 times
bigger in comparison to 3.5 (a). Still, the outcomes are identical in Figures 3.5 (a)-(b).

Now, note the overall outcome of simulations in Figure 3.5 (¢)-(d):
AK +T(\— AK +T(\—
+ I'( fomaz) and N = § + I'( fomaz)

=7
Q(5+’7)()\ - Mma;v) q(5+7)()\ _lvbma:n)
ulation sizes, M(0) = N(0) = 10, are identical and small. However, in 3.5 (d), the
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Figure 3.5: Numerical simulations of System (3.2.2). In (a)-(d), the parameter values
are flymae = 0.4, ¢=0.05, T =5, =0.3,y=0.2 and K = 10. In (a)-(b), A =0.15

,umaa:T . NmaxT
and A > KT In (¢)-(d), A =0.05 and A < KT

initial population size M (0) = 100 is 10 times bigger and N(0) = 1 is 10 times smaller
in comparison to 3.5 (c). Still, the outcomes are identical in Figures 3.5 (c)-(d)

In this model, the existence and stability conditions largely dictate the behavior
Hrmaz T’
K+1T
initial condition will result in the extinction of both M and N, as pictured in Figures
JU—
K+T
initial condition with at least one positive value will lead to the persistence of both

of the simulations. If the death rate is greater than the growth term, A > any

3.5 (a)-(b). However, if the death rate is less than the growth term, \ <

any
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M and N, as pictured in Figures 3.5 (¢)-(d). In summary, all numerical simulations
of System (3.2.2) can be categorized into three outcomes:
1. If M(0) = N(0) = 0, then the system will remain at
E°=(0,0) = (M°,N).
AK +T(A = fimag) AK +T(X = fimaz)

2. If M(0) = and N(0) =¢
O =7 T = oma) O = O T )
AK + T()\ — ,umam) MK + T()\ - Nmax)

T+ tnar) Q(5+7)(A—uma1)) = (M7, N7).

maxT . 1.
3. ItA> ;L( T the system will trend towards and stabilize at £° = (0,0) = (M°, N°).

4. Otherwise, the system will trend towards and stabilize at
)\K T)\— mazx )\K T)\_ max

E*:(7 + T~ pimaz) GAK+TOA— e )):(M*,N*)‘
q(6 +7) (A = fmaz)” 40 +7) (X = inaz)

, then the sys-

tem will remain at £* = (

3.3 Chemostat Model of Dormancy-Capable-Microorganisms and Nutrient Recycling

This section constructs a new chemostat model for dormancy-capable microor-
ganisms while simultaneously generalizing the nutrient recycling term in the previous
P. parvum Model (3.2.1). A chemostat is an apparatus that sustains a homogeneous
environment through continuous inflow and outflow; compared to batch culture
models, chemostat models can represent more realistic biological problems [51]. Fur-
thermore, nutrients are not always conserved through nutrient recycling; nutrients
can be lost, conserved, or acquired through nutrient cycling [28]. There are many
other chemostat models that incorporate nutrient recycling but do not incorporate
dormancy [6, 5, 18, 32, 43, 45, 46, 59, 56]. The mathematical model below consists
of a system of nonlinear ordinary differential equations incorporating first-order con-
version between active and dormant states of dormancy-capable microorganisms, a

chemostat-like environment, and nutrient recycling at different efficiencies.
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3.3.1 Formulation of Dormancy-Capable-Microorganisms and Nutrient Recycling in
a Chemostat Model
The three nonlinear ordinary differential equations below constitute the new

mathematical model:

dR
Y DRy, — DR — quR)M AM
7 LE au(R)M + g

input dilution consumption nutrient recycling
dM

growth death conversion  copversion ~ dilution
dN
@Y _  §M — AN — DN .
dt ~~ < <~

conversion  conversion ~ dilution

In Model (3.3.1), the variable R corresponds to the concentration of limiting
nutrients in the system. The term “active cell” pertains to a metabolically active
microorganism, where the density of the active population is denoted by M. Simi-
larly, “dormant cell” pertains to a metabolically inactive microorganism, where N
represents the density of the dormant population. As stated above, a chemostat
undergoes continuous inflow and outflow of any combination of nutrients, byproducts,
microorganisms, etc. All components in the chemostat flow out of the system at a
constant dilution rate, D [38]. However, only the limiting nutrient flows into this
system at the constant rate R;,. The active population, M, naturally grows and

multiplies, depleting R as it does. In the literature, the Monod function,

,umaxR
R) =
(F) K+ R’

often represents the above relationship between nutrient use and microbial growth [36].
For purposes of this model, fi,,q, is the maximal growth rate of active microorganisms

as R — oo, and K is the half-saturation constant for active microorganisms. Dormant
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microorganisms do not multiply and do not deplete the nutrient concentration; thus,
N does not elicit a growth function like M.

The positive constant ¢ is the quota of nutrients required per individual microor-
ganism [32]. The constant conversion rate from active to dormant microorganisms
is 0 and from dormant to active microorganisms is . This first-order conversion
is routinely utilized as a first step when modeling dormancy [3, 35, 37, 47, 50, 56].
Because dormancy is a protective state, there is an assumed negligible mortality rate
for N. However, active microorganisms are still vulnerable to their surroundings;
thus, they perish at a constant rate A. The product A\g, is the nutrient recycle rate
after the death of M. Here,

0<q¢ <aq,

where ¢ represents the quota of nutrients successfully recycled into the nutrient
concentration per individual microorganism. This inequality implies only nutrients
residing within a dead microorganism can be recycled back into R. In other words,
this model assumes nutrients can be lost or conserved, but not acquired.

Remark 3.3.1. Amidst diverse microorganisms and complex biological processes,
all manifestations of dormancy involve a minimum of two cellular states: active
and inactive. Utilizing M and N to represent the populations of these two states,
respectively, enables Model (3.3.1) to represent dormancy at a fundamental level

across its different manifestations.

3.3.2  Analysis of Dormancy and Nutrient Recycling in a Chemostat Model
In this subsection, the reduced System (3.3.1) is found to have two equilibria.
Criteria for the existence and stability of both equilibria are deduced. The stability

conditions are then summarized in Table 3.7 and corroborated in Figure 3.6.
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Variable/Parameter Description Units
R Nutrient concentration pmol/mL
M Active population density cells/mL
N Dormant population density cells/mL
R;, Concentration of substrate in feed pmol/mL
D Dilution rate day?
y Rate of conversion from dormant to active day=!
) Rate of conversion from active to dormant day?
K Half-saturation constant for active pmol/mL

Hmaz Maximal growth rate of active day?
A Death rate of active day™!
Q1 Nutrient quota of active pmol/cell
q2 Nutrient quota of recycled nutrients pmol /cell

Table 3.6: Model (3.3.1) parameters and variables with their description and units.

By setting the right-hand sides of System (3.2.2) equal to zero, the following

two equilibria are found:
E°= (R, M°,N°) = (R;»,0,0),
E*=(R",M*,N"),

where

R =y (D+)\+—D5 )

D+~
D (R;, — R*
e (Ru=R)
q1<D+A+m>—q2A
0
= ——M" and
D+~
o K
) =
Hmaz — U

Before considering the stability of the equilibria, one must know when and if each
equilibrium is biologically feasible. Recall that the values for M and N that appear in
E° and E* represent population sizes. Hence, these values must all be non-negative.

E°: Clearly, M° = N° = 0 and R® = R;, are non-negative. Therefore, £ is always

biologically feasible and always exists.
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E*: Note N* = DLMM* Thus, N* is non-negative if and only if M* is non-
negative. Since 7,0, D > 0, both M* and N* are non-negative if and only if
D (R;, — R*)
Q1 <D + %) + (g1 — @)\
is positive. Thus, M* and N* are non-negative if and only if M*’s numerator is

is non-negative. Since ¢ < ¢y, M*’s denominator

non-negative, i.e., when R;, > R*, which is equivalent to

Db
Rip) > D+ A+ ———.
plln) D+
Do
DA+ 25 K )

Now, consider R*. R* is non-negative if and only if s
Hmaz — (D+/\+m>
non-negative. Clearly, R*’s numerator is positive. Thus, R* is non-negative if

and only if R*’s denominator is non-negative, i.e., when

D)
maz > D+ N+ ——.
a s D+~
Since fimazr > (Rin) = %, the two above existence conditions are satisfied
when
Dé
max> Rzn >D+)\+—
1t (Rin) Dtn

Therefore, E* is biologically feasible and exists when

DS
Ry)>D 4\t ——
p(Rin) D14

Moving forward, E° is always eligible for analysis. However, E* is eligible for analysis
Do
only when u(R;,) > D + A+ ———.
y f(Rin) D1
Next, we establish the stability conditions for the two equilibria E° and E*.
The following theorem is in regard to the local stability of the boundary equilibrium
E°.
Theorem 3.3.1. The boundary equilibrium E° is locally asymptotically stable if and

only if Ry < R*.
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Proof. The Jacobian evaluated at E° is

=D —p(Rin)q1 + A2 0
J(E°) =10 wRw)-A-6-D ~
0 ) —v—D

Thus, the characteristic polynomial of J (E°) is
2+ alz® + adx + ad = 0,

where

a) = —trace (J (EO)) =2D+v+[D+A+0— pu(Rip)l,

By the Routh-Hurwitz stability criterion [39], EY is stable when
ad > 0,a3 > 0 and afad — a) > 0. Note R;, < R* implies
D}

0<D+ X+ —— — u(Rin) < D+ X+ — pu(R;,). Thus,
5y~ ) p(Ry,). Thus

al =2D+vy+[D+A+0— pu(Rin)] >0, and

D¢
ag:D(D—l—’y) |:D+)\+D—M—M(Rin)} > 0.

Lastly, a?—D:D+7+[D+/\+5—u(Rm)]>Oimplies%>1and

0
a8 — a8 = Dad (a? — D) +a (%—1) -0,

Thus, E° is locally asymptotically stable when R;, < R*. [

Next, we prove that the interior equilibrium E£* is locally asymptotically stable

if and only if R;, > R*.
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Theorem 3.3.2. The interior equilibrium, E*, is locally asymptotically stable if and
only if Ry > R*.

Proof. The Jacobian evaluated at E* is

[ v Mmaz IS D) i
D qmrHmae o (pa 0 — @)X
¢ (K + ) ¢ ( + D—l—v) + (g2 — q1) 0
X K 0y
J(E*) = ppr Hmaeft __90
(&) (K + R*)? D+~ !
0 ) —v—D

Thus, the characteristic polynomial of J (E*) is

0=2a®+ a12% + asx + as

where
oy « PmaatS
Cle—t’I“CLCB(J(EO)> :2D—|—7—|—D—+7—|—(]1M m,
5’7 ﬂmaxK as
= (D —— | D M*
" ( +7+D+v>< T <K+R*)2>+D+v’

o0y o Mmaz S Dé
az = —det (J (E°)) = (D +~)M K+ B <q1 (D + D——i—7> + (¢ — CI2)>‘>-

By the Routh-Hurwitz stability criterion [39], E* is stable if and only if a3 > 0,a3 > 0

and ajas — as > 0. Since ¢; > ¢ and M*, R* > 0,

0 Pmaz
=2D —_— M'——— >0
57 //JmaxK as
= D+~y+—— || D+quM* + >0,
" ( ! D+7>( o <K+R*>2) D+
* ,U/maxK D5
= (D M—————|ql | D+ —— —q@p)A ] >0
= 0+t (o (D4 520 ) - >0
and
0 Lomaz K
—ag = D — ) (D M ——
ai1as as aq ( + v+ D—'—"}/) ( +q (K+R*>2>
as 5/7 /vLmamK
+ D+ —4+gM'———F—-=] > 0.
D+7< Diny B (K+R*)2>
Thus, E* is locally asymptotically stable if and only ifR;, > R*. ]
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Existence and Stability

Dé Dé
Rin) >D+ X+ —— R,) <D+ X+ ——
b (Rin) 5 iR 5o
E° exists and unstable EP exists and stable
E* exists and stable E* does not exist

Table 3.7: Existence and local stability conditions of the equilibria of System (3.3.1).

Furthermore, the above stability analysis is summarized in Table 3.7 and supported by
the phase portraits in Figure 3.6. As indicated by the model analysis, the relationship
between the dilution, death, and conversion rates (D, A, d,v) and the growth term,
p(R;y) is instrumental in understanding the population dynamics. The stability
analysis reveals two scenarios:
1. If the elimination term, D + X + %, is less than the growth term u(R;,),
then the trivial equilibrium is unstable, and the non-trivial equilibrium is locally
asymptotically stable. This implies that if the overall elimination is less than

the overall growth, both the active and dormant populations will persist when

introduced to a chemostat as inferred by Figure 3.6 (b) and the lone stability of

Ef=p! (D+A+ Dé) Dl = F') "
D+~ 791(D+DD—£7)+(Q1—92))\’D+7

= (R*,M*,N").

Do

2. If the elimination term, D + X\ + Do is greater than the growth term p(R;,),
8

then the trivial equilibrium is locally asymptotically stable, and the non-trivial

equilibrium does not exist. This implies that when the overall elimination

exceeds the overall growth, the microorganism will die off upon introduction to

a chemostat as inferred by Figure 3.6 (c) and the lone stability of

E° = (R;,,0,0) = (R*, M*,N*).
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Figure 3.6: Phase portraits of System (3.3.1). In (a)-(c), the parameter val-
ues are fimer = 04,1 = 0.05,¢0 = 0.03, K = 1,v = 0.2,06 = 0.3,A = 0.15,
Do
and D = 0.1. In (a), E° is unstable because u(R;,) > D+ X+ D~ when
v

R;, = 0.3, as shown by the direction field arrows moving away from E° =
Do

(0,0,0). In (b), E! is locally asymptotically stable because u (R;,) > D + X\ + yaps

v

when R;, = 0.3, as shown by the direction field arrows moving toward

E*:(M—l(D+)\+ Do ) ( DRy — 1) 0 M*). In (c), E°
q1

D+7) ai(D+ 325) + (@ — A D+y

Dé
is locally asymptotically stable because u (R;,) < D + A + D1 when R;, = 7.1, as
v

shown by the direction field arrows moving toward E° = (0,0,0).
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Figure 3.7: Bifurcation diagrams of System (3.3.1) for the active population M in
(a), and dormant population N in (b). The parameter values are .. = 0.4, ¢ =
0.05,¢2 = 0.03, K =1,7v=0.2,0 = 0.3,A = 0.15, and D = 0.1. In (a) and (b), the
steady-state values are plotted as a function of Ry, as it changes in [6.9,7.1]. In the
diagrams, solid lines show stable states, and dashed lines show unstable states. The
trivial equilibrium, E°, is locally asymptotically stable when R;, < 7. Otherwise, E°
is unstable. The interior equilibrium, E*, exists and is locally asymptotically stable
when R;, > 7. Otherwise, E* does not exist.

Remark 3.3.2. When the constant dilution rate is equal to zero, D = 0, the chemostat
model (3.3.1) can represent a batch culture model with dormancy and nutrient
recycling. Setting D = 0 and ¢; = ¢, results in the batch culture Model (3.2.1).
Setting D = 0 and ¢; > ¢o results in a batch culture where all equilibria require
M* = N* = 0, i.e., in a closed system where nutrients are lost through nutrient
recycling, neither M nor N persist under any conditions.

In the stability analysis above, we found that the long-term behavior of System
(3.2.2) depends on parameter values. We will conduct a more detailed numerical
investigation of the system’s behavior by examining how each equilibrium point
changes with variations in R;,. We will create a one-parameter bifurcation diagram

by varying R;,, as illustrated in Figure 3.7. We will hold all model parameters
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constant and adjust R;, within the biologically meaningful interval of (6.9,7.1). The
bifurcation occurs at R;, = 7.

As shown in the diagrams, if R;, < 7, System (3.3.1) has a single locally
asymptotically stable equilibrium, E°. This represents the extinction of both active
and dormant microorganisms. On the other hand, if R;, > 7, there are two equilibria,
E° and E*, with only E* being locally asymptotically stable. This scenario represents

the co-existence and persistence of both active and dormant microorganisms.

3.3.3 Numerical Simulations and Discussion
In this subsection, we discuss simulations of System (3.3.1), which were created
using the Matlab® ode45 solver. In this model, two main population dynamics

are in play: elimination and growth. It follows that the relationship between the

Do Hmaz Rin
understanding the population dynamics of dormancy-capable-microorganisms in a

elimination term, D + \ + , and the growth term, , is fundamental in

chemostat setting. There are two existence and stability conditions:

1. The elimination term is greater than the growth term,

Dé
Rip) <D+ X4+ ——.
p(Rin) D14
2. The elimination term is less than the growth term,

D6
Riy)>D+ A+ ——
p(Rin) D14
D6

This creates the possibility of complete extinction when p(R;,) < D + A + Do
gl

inferred by Figure 3.8 (a)-(d) and the lone stability of

E°=(0,0,0)
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Do
and the possibility of mutual persistence when p(R;,) > D + X + D inferred by
Y

Figure 3.9 (a)-(d) and the lone stability of

Ef=|p! (D+)\+ Da) DR, = R') O
D+v) q(D+55)+ (@ —g)N D+y )’
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Figure 3.8: Numerical simulations of System (3.2.2). In (a)-(d), the parameter values
are fhmer = 0.4,q1 = 0.05,¢o =0.03, K =1,7v=0.2,0 = 0.1, A = 0.15, R;;, = 0.3 and

D¢
D=0.1and u(Ri,) < D+ A+ ——.
and p(Rin) D14

Note the overall outcome of simulations in Figure 3.8 (a)-(d): R = R, M =
N = 0. In (a)-(b), the initial population sizes, M (0) = N(0) = 0.1, are identical and

small. However, in (b), the initial nutrient concentration, R(0) = 10, is 100 times
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bigger in comparison to (a), where R(0) = 0.1. In (c)-(d), the initial population sizes,
M(0) = N(0) = 10, are identical and larger. However, in (d), the initial nutrient
concentration, R(0) = 1000, is 100 times bigger in comparison to (a), where R(0) = 10.

Still, the outcomes are identical in (a)-(d).
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Figure 3.9: Numerical simulations of System (3.2.2). In (a)-(d), the parameter values
are e = 0.4,q1 = 0.05,¢o = 0.03, K =1,y =0.2,§ = 0.1,A = 0.15, R;,, = 4 and

Do
D=0.1and u(Ri,) > D+ A+ ——.
and p(Rin) D14

Now, note the overall outcome of simulations in Figure 3.9 (a)-(d):

R:u*(D+A+4@L)J4 Dl = F') ,
D+~ 0(D+ 535) + (@ — @)X
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6 D(R;, — R*)
D+~yq(D+ %) + (@ — @)X
M(0) = 0.1 is noticeably small. However, in (a)-(d), the initial population size

In (a)-(d), the initial population size for

for N and the nutrient concentration gradually increase to 0.1,10, and 100. Re-
gardless of the initial amount of nutrients or dormant microorganisms, the active
population, M, remained the greatest, as shown by the identical outcomes in (a)-(d).

In this model, the existence and stability conditions largely dictate the be-

havior of the simulations. If the elimination term is greater than the growth term,

U(Rin) < D+ X+ , any initial condition will result in the extinction of both

D§
D+~
M and N, as pictured in Figure 3.8 (a)-(d). However, if the elimination term is

less than the growth term, pu(R;,) > D + A+ , any initial condition with at

Do
D+~
least one positive value will lead to the persistence of both M and N, as pictured in
Figures 3.9 (a)-(d). In summary, all numerical simulations of System (3.2.2) can be
categorized into three outcomes:

1. If M(0) = N(0) =0, then the system will remain at
E° = (R(0),0,0) = (R°, M° N").

D D B oL
1 IfM(O)ZM_l(D+/\+—5)andN(0)= (o =) 9
D+y @D+ p55) + (@ —a)A D+

then the system will remain at

_ D§ D(R;, — R*) )
E* = ul(D+)\+ ) , M* .
( D+v) qi(D+ 25)+ (1 — )N D+~

D+~

Dé
3. If p(Rin) < D+ A+ D1 the system will trend towards and stabilize at
v

E° = (R, 0,0) = (R°, M° NY).
4. Otherwise, the system will trend towards and stabilize at

Ef=|pu! (D+)\+ Dd) DRy = ) O
D+v) ai(D+5%5) + (@ —a)A Dty )

Next, we perform a series of numerical simulations to explore different biological

scenarios arising from the batch culture (D = 0) and chemostat (D # 0) models
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3.10 (a): In Figure 3.10 (a), u(R;,)

originating from Model (3.3.1). Specifically, the effects of altering the dilution rate

and the in-flowing nutrient concentration, D and R;,, are depicted in Figure (3.10).
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and complete extinction in a batch culture model setting (D = 0) [34].
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Figure 3.10: Effects of the dilution rate D and the concentration of the limiting
nutrient supplied in the in-flowing medium R;, on the system outcome, for model
parameter values ¢ = 1078, K = 1072, o = 1079 A =0.1,6 = 1.1,v = 1, fiynaz = 0.95,
and D = 0 (batch culture model) in (a), D = 0.2 with R;, = 1.35 x 107 (chemostat
model) in (b), D = 0.25 with R;, = 1.35 x 107% (chemostat model) in (c), and
D = 0.2 with R;, = 1.35 x 10~* (chemostat model) in (d).
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3.10 (b)

3.10 (c)

Introducing even a small non-zero dilution rate D = 0.2 and R;,, = 1.35x 1073 in
3.10 (b), completely transforms the population dynamics. Now, in a chemostat
setting, E* is stable, indicating the persistence of both active and dormant
populations.

However, further increasing the dilution rate to D = 0.25 and maintaining
Ri = 1.35x 1073 in 3.10 (c), results in a too high of a dilution in the chemostat,
affecting the stability condition once again. Therefore, returning back to a
stable E° and complete extinction in a chemostat setting (D # 0).

Lastly, in Figure 3.10(d), D = 0.2, as in Figure (3.10) (b), but R, = 1.35 x 1074
is much smaller than in Figures3.10 (b)-(¢). Ry, is insufficient to sustain the

population, again resulting in a stable £° and complete extinction in a chemostat

setting (D # 0).

The effects of altering the dilution rate and the in-flowing nutrient concentration, D

and R;,, are also depicted in Figure 3.11:

3.11 (a):

3.11 (b)

3.11 (c)

3.11 (d)

In Figure 3.11 (a), u(Rin) > D+ X+ %, which corresponds to a stable E*
and the persistence of both active and dormant populations in a batch culture
model setting (D = 0) [34].

Introducing a non-zero dilution rate D = 10~* and R;,, = 1.35 x 107 in 3.11 (b),
does not affect the population dynamics at all. Now, in a chemostat setting, E*
is still stable, indicating the persistence of both active and dormant populations.
However, further increasing the dilution rate to D = 107! and maintaining
Ry = 1.35x 1074 1in 3.11 (c), results in a too high of a dilution in the chemostat,
affecting the stability condition. Therefore, this results in a stable E° and
complete extinction in a chemostat setting (D # 0).

Lastly, in Figure 3.11(d), D = 107!, as in Figure (3.11) (c), but R;, = 1.35x 1072

is much higher than in Figures3.11 (b)-(c). There is now sufficient R;, to sustain
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both populations, resulting in a stable £* and the persistence of both active

and dormant populations in a chemostat setting (D # 0).
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Figure 3.11: Effects of the dilution rate D and the concentration of the limiting nutrient
supplied in the in-flowing medium R;, on the system outcome, for model parameter
values ¢ = 1072, K = 1072, ¢, = 102, A =10"2,0 = 09,7 = 1, ftynaz = 0.98, and
D = 0 (batch culture model) in (a), D = 10~* with R;, = 1.35 x 10~* (chemostat
model) in (b), D = 107! with R;,, = 1.35 x 10~* (chemostat model) in (c), and
D =10"! with R;;, = 1.35 x 1072 (chemostat model) in (d).

Since the chemostat Model (3.3.1) is able to distinguish between similar yet
different environments, different combinations of the dilution rate D and the in-flowing

nutrient concentration R;, can alter the stability of the steady states of the system.
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Specifically, the numerical simulations in Figures 3.10 (a) and 3.11(a) show the two
possible outcomes when D = 0. In contrast, the numerical simulations presented in
Figures 3.10 (b)-(d) and 3.11 (b)-(d) demonstrate the adaptability of the chemostat

model (D # 0) compared to the batch culture model (D = 0).
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CHAPTER 4
Conclusion

All the plasmid sub-models in Chapter 2, except one, have straightforward
stability results. They stabilize at their designated stable equilibrium value regardless
of their parameter values. The sub-model with the most nuance, Model (2.3.1) where
n, = 0 and 5,1, # 0, is the only one with nuance.

In actuality, gut microbiomes often successfully eliminate newly introduced
plasmids. This model allows for just that whenever K5 — n; < 0 or equivalently,
when K < ™ " This means whenever the carrying capacity is decreased by either
smaller space or less nutrient (increased competition), there is more likelihood that
E' = (0, K) will be stable or that the plasmid-carrying donor bacteria, Bp, will
be eliminated. Furthermore, note n is a ratio between plasmid loss and plasmid
acquisition via conjugation. Naturally, plasmid-carrying bacteria, Bp, are more likely
to be eliminated as plasmid loss increases. Similarly, plasmid-carrying bacteria, Bp,
are more likely to be eliminated as plasmid acquisition via conjugation decreases.

Thus, to maintain plasmid-carrying bacteria in the gut microbiome, it will be
necessary to decrease bacterial competition, discourage plasmid loss, or encourage
plasmid acquisition via conjugation. This can be done through medication such as
antibiotics or bio-engineering techniques to make the plasmid beneficial and more
appealing to the cell. In contrast, regardless of the parameter values, the plasmid-free
resident bacteria, B4, will always remain in the gut microbiome. This idea agrees with
the biological literature since an established microorganism in the gut will require a

lot to remove from the host system.
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Lastly, it may interest scientists to maintain a specific ratio of donor, Bp, to

resident bacteria, B4, in the gut. Note

B: 1 (51{ 1)
Bi T\ .

Below are the pertinent parameters and their relationship to the above ratio and the

plasmid-carrying donor bacteria population, B%:

()

(87

A decrease () in 7, the relative capacity coefficient, will increase (1) the
ratio and B%. i.e., a decrease in plasmid burden increases the population of
plasmid-carrying bacteria.

An increase (1) in [, the bacterial conjugation rate, will increase (1) the ratio
and B%. i.e., An increase in plasmid acquisition via conjugation increases the
plasmid-carrying bacteria population.

An increase (1) in K, the carrying capacity, will increase (1) the ratio and B%.
i.e., An increase in resources increases the plasmid-carrying bacteria population.
A decrease () in 7, the rate of conversion from donor to resident bacteria,
will increase (1) the ratio and B%. i.e., a decrease in plasmid loss increases the
population of plasmid-carrying bacteria.

In summary, System (2.3.1) (12 = 0) is a satisfactory starting point for modeling

and understanding plasmids. However, future research should explore other ways to

create nuance aside from allowing 7, = 0. Biologically, n, should be non-zero but

much smaller than 7, as shown by experiments and parameter estimation previously

conducted [27]. However, a small 7o should allow for the eventual elimination of

plasmid-carrying donor bacteria, Bp, from the gut. Thus, these models should be

expanded to incorporate more complex dynamics to allow for a small 7, to eliminate

Bp eventually. The first natural modification would be to make Model (2.3.1) into a

chemostat, then allow nutrient and donor bacteria to be continuously introduced into

the homogeneous mixture. Assuming an organism continuously consumes nourishment,
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consumes donor bacteria, and homogeneously eliminates contents at a constant rate,
this would be a basic gut simulation.

In Chapter 3, notice how dormancy materializes in the models through conver-
sion rates. Out of the three dormancy models presented in Chapter 3, only Model
(3.3.1) has an existence and stability condition where conversion rates, 4, and 7,
appear to influence the outcome. If conversion were to cease, the elimination term
in Table 3.7 would decrease and, thus, increase the possibility that the persistence
equilibrium, E*, in Model (3.3.1) is stable. Therefore, there is a higher chance
of population survival when the conversion rates § = v = 0. Although dormancy
impacts the stability conditions, it does not offer much of a survival advantage to
microorganisms in this setting. A possible explanation of this observation is the
active microorganism’s lack of hardship in this model.

The conversion rates, ¢, and ~, appear in the non-trivial equilibria values of
Models (3.2.2) and (3.3.1) and help determine population sizes. However, dormancy
does not seem to play a significant role in Models (3.1.1) and (3.2.2) as the conversion
rates do not appear in any existence or stability conditions for these models (Table 3.2,
3.5). Furthermore, conversion rates are absent from Model (3.1.1)’s equilibria values
and stability analysis. Thus, dormancy modeled as simple first-order conversion offers
no survival advantages in a controlled and closed environment.

Like dormancy and conversion rates, nutrient recycling materializes in the
models through the nutrient quotas, ¢,q;, and ¢. However, ¢, q;, and ¢» do not
appear in the stability conditions of the nutrient recycling Models (3.2.2) and (3.3.1).
At first glance, nutrient recycling does not seem to play a significant role in the
models. On the other hand, nutrient recycling does influence the two outcomes of
Model (3.2.2). Nutrient recycling pumps nutrients back into the system as individuals

die; this prevents the nutrient supply from depleting. Hence, nutrient recycling allows

89



(3

(3

motile and non-motile algae to persist and stabilize when introduced to a controlled
and closed environment. Contrarily, neither ¢; nor g impact the overall stability of
Model (3.3.1) as the in-flowing nutrient concentration rate, R;,, can supply nutrients
in a chemostat setting.

Lastly, notice how all nutrient quotas, ¢, q;, and g9, appear in both of the
non-trivial equilibrium values and affect the population sizes of Models (3.2.2) and
(3.3.1). In the batch culture Model (3.2.2), the smaller ¢ is, the higher the population
values of E*, the persistence equilibrium. In other words, the fewer nutrients required
per individual algae, the more algae the system can sustain. In the chemostat Model
(3.3.1), the smaller ¢ is, the higher the population values of E*, the persistence
equilibrium. In other words, the fewer nutrients required per individual microorganism,
the more microorganisms the system can sustain. Furthermore, the greater g
is, the higher the population values of E*, the persistence equilibrium. In other
words, the more nutrients are recycled per individual dead microorganism, the more
microorganisms the system can sustain.

Overall, the mathematical analysis reveals several findings for the different

combinations of topics presented in the models of Chapter 3.

1.1): Dormancy offers no survival advantage to a dormancy-capable plasmid-free

resident bacteria with threat-free active resident bacteria in a batch culture.

.2.2): Dormancy offers no survival advantage to golden algae with threat-free motile

algae in a batch culture; however, nutrient recycling allows the possibility of

both motile and non-motile algae co-existence and persistence.

.3.1): Neither dormancy nor nutrient recycling provides a survival advantage to a

dormancy-capable microorganism with threat-free active microorganisms in a

simple chemostat setting.
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Thus, the next natural step is to identify and analyze the circumstances under
which dormancy and nutrient cycling benefit a microorganism’s survival. Future
research on dormancy should aim to modify the first-order conversion between the
active and dormant populations. Models that allow dormancy to depend on some
mechanism, such as nutrient availability, death rate, or toxin presence, have more
complex and versatile dynamics [1, 7, 11, 17]. Similarly, there is a multitude of
applications and mechanisms that can guide modifications of future nutrient recycling
terms [10, 16, 19, 22]. Enhancing these models in such manners should lead to more
realistic dynamics. However, acknowledging that these proposed models are one of
the first dormancy-plasmid and dormancy-nutrient-recycling models is crucial. As
a result, there should be cautious progression with each additional mechanism to
ensure a comprehensive understanding of the individual contributions and resulting

model complexity.
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